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PREFACE 

The matter presented in the following pages was originally 
intended to form the introduction to a work on Theoretical 
Mechanics. It has seemed best, however, for reasons given in 
the introductory paragraph, to publish it as a separate volume. 

The book is intended as a drill book, and the unusual elaboration 
of the topics, together with the great number of illustrative exam- 
ples, should enable the student to overcome most of his difficulties 
himself. Extreme rigor has not been attempted, but it is hoped 
that the discussion is free from serious inaccuracies. Many well- 
known works on the calculus and on mechanics have been drawn 
upon freely, particularly in the matter of problems, of which a 
great number is given at the end of each chapter. These have 
been taken chiefly from the works of Routh, Minchin, Bowser, 
Price, Todhunter, Lamb, Walton, ind Bjeily 

The author wishes to acknowledge his indebtedness for help- 
ful criticism and suggestions to Piofessois P F. Smith and A.J. 
Dubois of Yale University, and to Piofessoi E R. Hedriek of the 
University of Missouri. His thanks aie due also to Professor 
Smith, and to Professor D, R. Cortis of Northwestern University, 
formerly Instructor in Mathematics in Yale University, for assist- 
ance in proof reading, and to Professor E. E. Lawton of Colby, 
formerly Assistant in Physics in Yale University, for help in 
preparing the figures. o C L 

UNiYEHaiTr OF Colorado 
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THE INTEGRALS OP 
MECHANICS 



1. Introduction. In the study of mechanics certain types of 
integrals are met with great frequency. These integrals, namely 
the inertia integrals, those defining mass, and moment and center 
of mass, are essential in the discussion of the motion and the con- 
ditions of equihbrinm of systems of particles, and rigid bodies. 
Their evaluation, however, is purely an application of the integral 
calculus and has nothing to do with mechanics proper. Their 
treatment in most works on the calculus is very brief, and their 
discussion in the midst of a course in mechanics should, in the 
author's opinion, be avoided. The aim of this little volume is to 
present an extensive consideration of those integrals suitable for 
use in courses in the integral calculus and as an introduction to 
theoretical mechanics. This arrangement should produce a saving 
of both time and energy : a saving of time by providing numerous 
applications and problems in the calculus which are useful in 
mechanics ; a saving of energy by preventing one or more breaks 
in the continuity of the course in mechanics in order to evaluate 
integrals, and by removing, as far as possible, the liability of cer- 
tain troublesome confusions which careful teaching does not always 
prevent. For, when such ideas as momentnin, moment of inertia, 
moment of a force, moment of mass, center of mass or gravity, and 
the /orcfl of gravity are presented for the first time in more or less 
intimate association, as is usually the case, it is not surprising that 
beginners often fail to distinguish clearly between those concep- 
tions which are purely mathematical and those which have to do 
with force and motion. 

For some years the author has begun his courses in mechanics 
with the calculation of centers of mass and moments and ellipsoids 
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2 THE INTEGRALS OF MECHANICS 

of inertia. The results have been very satisfactory in avoiding 
the confusion mentioned above, and the review of the calculus thus 
obtained has largely removed the mathematical difficulties from 
the later parts of the subject in which the attention should be 
given to the physical conceptions involved rather than to the 
manipulation of symbols. The ultimate aim, however;- should 
be to do away entirely with the consideration of these integrals 
in teaching mechanics, a thing difficult to do unless the student 
can earlier acquire considerable facility and precision in his use 
of the calculus. 
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CHAPTER I 

FORMULA PROM THE CALCULUS.* THE INTEGRALS OF VOLUME, 
AREA, LENGTH, AND MASS 

8. Volume of any solid. F = I dv. For any solid referred to 
rectangular coordinates, the element of volume An is given by 

Au = AzA?/A», 
whence 

(1) r=(dv=l(( asdydx, [Calculus, p. 415] 

the limits of integration being determined by the bounding surfaces. 

3. Volume of a solid of revolution. Let the X-axis he the axis of 
revolution, and let the generating area be that included by the 
axis of X, the ordinates x = a and x = b, and the curve y =f{x). 
Then, from (1), 

or 

(1) ^ = / ^y^*^^ = JT I [f(x)fdx. [Calculus, p. 384] 

A geometrioal representation of this process of integration is obtained as follows ; 

The integral ffdydz represents the area of a cross section of the solid perpen- 
dicular to the aais of X This cross section is a circle of radius y and area ttj/^. 
The volume Av of a thin shoe of the solid whose base is m/^ and whose thickness 
or height is A» is approximately Au = iry^ic, and the entire volume is the limit of 
the sum of the volumes of all these elementary slices or plates, tJiia process being 
indicated by the sign ctf tntegi aUon 



the cali!ulo8 for tbe detOTmlnatlon of volu 

given in this chapter merely for convcn ence of reterence. AH refereneeB to the (aloulus in 

this volume Bra to tlie wocit ent lied Sli^n Ma qf the IHSersnHat and Integral Calculus, by 
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4 THE INTEGRALS OF MECHANICS 

Polar coordinates. Suppose the equation of the curve is given in polar coordinates. 
Tlien tie element of the area revolved is approximately 

AA = pApAe, [Calculus, p. 40(1] 

and its radius ia p sin. e. This element of area will therefore generate a ring whose 
volume is approximately 

AV= ^Ttp^smeApAe. 

For tLB ring may te cut through liy a plane and ita Tolnme ertdentl J lies betweeiTlliat of two 

the ring, 2 irp Bin e, anfl the outer cireamf erenoe, 2 ?r (p + Ap) sin (« + aS). The volume of the smaller 
prism is therefore pApAB -airpglne, which is the approximate eipreestonforA?' given atrnve. 

The tota,! volume Fof the Bolid is given as before by the limit of the sum of all 
such rings, that is, by 

limit ZAV = 2 tt limit SS/y" sin $ ApAB. 



(3) 



r = a TT ffp^ sin 9 dpdS. 



4. Solid of known cross section. Consider any solid possessing the 
property that the area of any cross section A parallel to a fixed plane 
is a known funetion.of the distance from that plane. Then if the 
fixed plane is YOZ and the known function ^{x)-, the volume is 



(1) 



F= / iiaydz\dx= I f{pe)dx. [Calculus, p. 420] 

The process of findLng the volume of such a solid may be treated in a manner 
analogous to that employed for a solid of revolution. Any cross section is knovrn 
and is equal U> A = \ idydz — ^(r:). Eegarding this area as the base of a thin 
cylinder or thin plate of height or thickness Ax, the element of volume is 

Av = AAa. = tp (a) Ac, 
and the limit of the sum of all the folumes of these thin slices constitutes the 
volume of the entire solid, the limit of the sum being ^ven by the integral sign 
in equation (1). 

5. Area of any surface. S = j dS. For any surface referred to 
rectangular eoclj'dinates the element of surface is 



^VRl 



and 

-//v-(i)'-(ii; 

where the letters x, y, z may be permuted. 
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FORMULJi; FROM THE CALCULUS 5 

6. Surface of revolution. If the axis of i-evolution is OX and the 
equation of the generating curve is i/ =/(3r), then, approximately, 



and 

(1) 



AS = 2 »j,A» = 2 Try^l + (^) Ai, 



-V^ 



8 = 217 j p-Jl + (-^j dx, [Calculus, p. 389] 

where x and y may be interchanged if desired. 

It is inatmctive to regard the process of finding the area aa follows. Let As be 
a Hmall arc of the generating curve. Then by the revolution of the curve y —f(x) 
around the axis OX, the arc As will generate an element of area &S of the surface 
of revolution, and this element of area will he approximately the convex surface 
of tlie frustnm of a cone of revolution, the circumference of whose median section 
is 2 Ty and whose slant height is As ; that is, approximately, 
AS = 2 Try As. 

The total surface is the limit of the sum of all these elementary surfaces. 
If the generating curve is given in polar coordinates, then, approximately, 

AS = 2 iq/As = 2 Trf> sin SAs, 
whence 

m 



s = 2^fp.iue^,+p-0W 



7. Plane areas. A=idA. For any area referred to rectangular 
coordinates AA = A^Aa:, whence 



=//- 



[Calculus, p. 403] 



If the area is referred to polar coordinates, AA = pApAd approxi- 
mately; whence 



=Jjpdpde. 



[Calculus, p. 400] 



8. Lengths of curves. « = ids. For any plane curve referred 
to rectangular coordinates we have, approximately, As^ = Ax^ + A-f, 
whence 

(1) s = r.. /l + ( — ) dx. [Calculus, p. 380] 
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6 THE INTEGRALS OF MECHANICS 

la polar coordinates, approximately, Aa^ = Ap^ + p^Afl^ [Calculus, 
p. 382], whence 



-li^'^H^ 



For any skew cuire in space, approximately, 

isi ^ Ab3 + aj/2 -I- ^z■i, 
wlience 

(3) ^~\ V'f^*'' + ^y^ + A^i 

which is easily evaluated when the equation of the curve is givei 
form either in rectangular or in polar coiSrdinates, 

9. The mass integral, M= Cam. Density. 

J. homogeneous soUds. A solid is said to be homogeneoiia or of 
uniform density when equal volumes of it have equal masses. In 
such a body, therefore, the ratio of the mass to the volume of 
different portions is constant, and this constant is called the 
density; that is, 
,. r. -^ ■ Mass 

Let Am be the mass of the element of volume An of any such 
homogeueous solid referred to rectangular coordinates. Also let 
T denote the density and M the total mass. Then, by (1), 

Awi — tAw, 
and 

M=^ limit SAni == limit SrAi' — limit 1tAzAi/Ax. 

Hence, since t is constant, 

(2) M = I dm. = T j dv = r j j j dzdydsc = rV. 

II. Non-homogeneous solids. If the body is not homogeneous, it 
becomes necessary to introduce the conception of density at each 
point of the solid, which may be done as follows. Let us suppose 
again that we have rectangular coordinates, and let F{x, y, g) be a 
vertex of an element of volume Aw = AxAyAz. Then if Am is the 
mass of this element, the quotient -^ is called the mean density 
of the element. 
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FORMULA FROM THE CALCULUS 7 

The density at the point F{x, y, z) is defined as the limit of 
the mean density as the three dimensions of Av approach zero. 
That is, 

Density at the point P{x, y,z) = T= limit -r— > 



(3) 



(•) 



M: 



= /"•»=/"'•'=///' 



Tdsdydx. 



For non-homogeneous solids t is a function of (x, y, z) and hence 
cannot be taken from under the sign of integration. 

The necessary formula in polar coordinates may be written by 
the student as an exercise. 

For a non-homogeneous solid equation (1) defines the mean 
density which is denoted by t. Hence for such a solid 



w 



Mean 



f"' HI'" 



Volume 
rdzdydx 



Example 1. TofinAihe mass and mean density of a semi^eilipaoid, the density at 
etmh point of toMch varies as tJie cuiie of its distance from one nf Uis principal planes. 

Let the equation of the ellipsoid he — + — -i — = 1, and consider the part cut 
ofE hj the plane YZ. If the density varies as the 
cube of the distance from YZ, pat r = kc', where k 

Now the area of any section S parallel to the 
fixed plane YZ at a distance x is a known function 
of X. For if we set a; = e {that is, a fixed value) in 
the equation of tlie ellipsoid above, the equation 
of S becomes 



^ 


r|. ^ 






Vsl 


i3^ 



6^ 



1- 
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8 THE INTEGRALS OF MECHANICS 

Begarding tlie semi-ellipBoid as made up of a number of similar tliin alioea or 
plates each of areairfefl -) ' of density t, and thickness &x, the mass of one of 



le whole mass is M = j dm= j fcc' ■ jt&c ( 1 -\di 

3 mean density is, hy (G), p. 7, 

(If Tdzdydz — a'hck 
_ JJJ 12 # 



j j jdzdydx - TTObc 

It is seen that the mean density f and the density t are the same in the plane '-c — -- 

Example 8. To find the mass and meanden^ty of the solid bounded by the surface 
xH^ + a?y^ = c^^'^ and the planes k — and x = 2aifthe density at each point varies 
asxyz. 

Here T = kxyz, and integrating over the first octant only, we have 

M—if r- r''\'^ ' kzyi-d!!idydx = 2k f i^'if"-;!— ; — yAv^S/i 
or M=2kf^''—^xdx = 2a^% 



10. Application to particular solids. 

X Thin fiat plate {lamina). Suppose the given solid is any right 
cylinder whose base j1 lies in the plane XY, Sup- 
,^^[_^,^ pose further that the density t is a function of x 

and if only ; that is, the density is constant along 
any line parallel to OZ, but may be different for 
different lines. Let the height of the cylinder be A. 
Then, by (4), p. 7, 



M= ( ( I Tdzdydx = i dz\ it Tdxdy 
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FORMULA FROM THE CALCULUS 9 

the integration now extending only over the base A. For the 
volume we have 

and since i dA= j j dydx^ we may write 
(1) M=h I TdA. 

(a) r=h CdA^hA. 

Hence (B), p. 7, becomes 

JTtlA 

(3) r = ^ 

f.A 

From the manner in which equation (3) was obtained it is 
evident that it applies to all cylinders, including those whose 
height is very small, that is, to thin fiat plates or laniiiise. For 
such solids (3) is important. Hence 

I TiJA 

(4) Mean density of a thin flat plate = t = 

/" 

In this formula the density t and the element of area (1), 
(a), p. 5, may he expressed either in rectangular or in polar 
coordinates. 

Strictly speaking, density is not a property of a surface or of 
an area. , But since any thin flat plate is completely described 
by its surface and the variation of the density upon that sur- 
face, formula (3) is often said to define the mean density of the 
surface itself. As was seen in deriving (3), the thickness of the 
plate, which was taken as constant, divides out. Henee we 
may, if we choose, regard the two conceptions — mean density 
of a thin fiat plate or lamina and mean density of an area — as 
interchange able . 
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10 THE INTEGRALS OF MECHANICS 

Example 1. Given the parabola li^ + ay = a^, tojlnd the mean density oftheccrea 
cut off by the X-iMtis when the density varies as xy. 

In this case r ^ kxy, where the absolute values of a and y are to be considered 



regardless of sign, as density is 



r negative. Hence, by (4), 

CrdA { Ckxy ■ dydx 

fdA fCdydx 

Icf adzj " ydy — ^^^ 

X H " ^^ "^ 

Hence the mean density is the same as the actual density at any point the product 
of whose coordinates equals — ; that is, they are the same along the curve iiy = —, 
which is a rectangular hyperbola, a portion of which is shown in the figure. There 
is a similar hyperbola in the left quadrant. 

nSe, to find them 




Example 2. Given the cur 
the density varies as p. 

Here we have t = kp, and the limits of integration are e 
and and a sin 2 P for p. The mean density is then, by (4), 



. density of one looji when 
vidently and — for ff. 



CrdA CCkp-pdpdS 
fdA ffpdpdS 

f Ckp ■ pdpde ^ k f^d9f'"'°^^pHp = '^f'^Bmi2. 

_ ka^ r sin3 2 fl cos 2 fl 1 "if 

~ 3 L 6 8 "'" J/ 




Here we see that the actual and the mean density coincide on the circle whose 
radius is — — , whicli is indicated by tie dotted lino in the figure. 

II. Thin wires or material curves. A rigorous discussion of 
equations (4) and (6), p. 7, as applied to curves or to tliin wires 
presents difficulties which are beyond the scope of this book. The 
formulEe applicable to this case may, however, be derived by the 
following approximate method. 
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11 



Suppose we have a thin wire which differs very little from a 
curve e, its cross sectious having a small constant area a. Then if 
As represents a small ai-e of c, the element of volume of the wire 
may be taken as Aw — a-As. Hence, from equation (6), p. 7, 






Tuds 



and since it is constant, 

(5) Mean density of any material c 






The density t and the element of arc, (^s, may he expressed either 
in rectangular or in polar coordinates. 

Since a thin wire is completely described by its curve and the 
variation of the density along the curve, the expression m&an 
density of a curve is often used, although in reality the expression 
s except as defined in equation (5) above, 

ft density of a quarter circumference of a cirde 



Example 1. To find th 

;2 ^- ^2 = ((2 ^ the density 

Here t = to and the met 



n density is 



From the equation of tlie 





- ic=]o = kaK 






s easily seen that the mean density of the quarter circumference will be the 
.a the actual density at tlie point wliose abscissa is s = — 
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THE INTEGRALS OF MECHANICS 

PROBLEMS 



1 . A straight line of length I has a density which varies as the nth power of tie 
distance from one end, B'ind the mean density and the point at whiohThe mean 
and. actual densities are equal. . - _ ^^'' 

Mean density = Density at a distance ({n + 1) " from the end. 

2. Find the length of the arc of a sector of the circle p = (t cos e between — 6 
and + 9. Jins. s = 2 afl. 

3. Find the perimeter of the cardioid p = a(l — case). Find also the mean 
density when the deiwity varies as p. Ans. s = Sa, 

4. Find the length of the tractris ydx = — (a^ — y^j^dy. Ans. a = a log-- 

y 

5. Find the length of the arc of the helix ^ = o cos 9, j/ = a sin 9, z = kae from 
the origin to fl = ei. Ans. s = ofliVH- fc'-^. 

6. Find the length of the first spire in the spiral of Archimedes p — ae. 

Ans. s = a7rVl + 4T2 + -iog(2ir + Vr+Tin^). 

7. Find thearcof thecatenary j/=-\e° + e "/between^— — uandK^a, Find 
also the mean density when the density varies aa e ". ■^'*^^- * ~ " I ^ ~ 7 ) ' 

8. Find the length of the arc of the parabola -y^ = iax included between the 
origin and the point where it is cut by an ordinate through the focus. Suppose the 
density varies as y ; find the mean density and the point at which the mean density 
coincides with the actual density. Ans. s = a[V2 + log(l + V2)3. 



10. Find the length of the arc of the logarithmic spiral p = gae [> 
points (1, 0) and {pi, 8,). , pi — 1 



II. Find the length of a qnadraJital arc of the c 



xi + v^ = a 



13, Find the length of the a- 
Find the mean density iir = k 



9fiaVl3^16a 



27 26V13 -16 

13. Find the length of the arc of the cycloid e = avers-' ^ - (2 a^ - ?/=)* 
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1. Find tlie areas of a rectangle and a triangle by donble integration. Pind also 
: area of a parallelogram two of wiiose sides meet at an angle «. 

2. Find the area bounded by y = ix + 5 a, tlie X-axis, and the lines a; = and 
= 30. Find also the mean density if the density varies as Sk*. 

Atis. A. = 33a^. r^|iV3a-t. 

3. rind tlie area included by ^ = k^, the X-axfs, a = 1 and x — i. Find the 



ordinate yi of the point for whicli the n 



1 and actual densities are equal if r 



4. 


Findtheareaandthemeandensityof aloopof thelemniscate p^ = a^cos2S 


if the density vaj^i 


esascos2e. a= _ vrt 


5. 


Find the I 


irea and mean density of a quadrant of the circlo x^ + y'' — a^ if 


the density varies 




6. 


Find the s 


irea and mean density of a sector of the circle p= acosfl betvteen 


- fl and + e if the density varies as see «■ ^^ ^^ _^.^ ^ 






i „ . 4 " irt 1 1 r,:^ it n\ = 




Ans. A. ^(e + ism2^). r g^^^-^^^- 


7. 


Find the a 


Tea betvreen the hyperbola mj^c\x=a,x = 6, and the asis of X. 
Ans. A, = c=log?. 


8. 


Find the i 


irea between ax" = ± y, s^ = b, and x = c, where c > 6, 


9. 


Find the : 


irea between the X-asis and the curve y^ = 2k* + 3 qV- 


10, 


Find the 


area between the sine curs-e y~asm- and the axis of X from 
Ana. A, = 2 a'. 


a; = Oi 




11, 


Find the i 


irea common to the two parabolas y^ = iax and x!^-iay. 


12, 


Find the . 


area included by y^ = az and x'^ = bij, and the mean density if t 


varies 


as Vs. 


^„. A..f. f.A.-A. 


13. 


Find the 


area and mean density of that portion of a thin plate included 



between the tangent circles ,i = 2 a cos e and p = 2 b cos fl and the diameter through 
the point of contact, a>b and the density varying as sin'S. 



14. Find the area between the axes and the parabola x' + y' = a'. 

A -- 
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n the traotrix yiz = — {<& — y^)^tiy and its asymptote. 



, Find tliG area between the witch y = and its asyniptoto y = 0. 

, Find the area between the first and second spires of the spiral of Archimedes 



19. rind the areaof tlie segment of the circle a:^4- j^^^a^cutoff by tliGline3; = r' 

Aiw A =l„a^-^^. 

20, Piiid the area (a) between the parabola y^ = i ax, tlio X-asis, and the line 
X — a; (bj between tlie carve, the T-axis, and y = b, 

Ans. (a)A,= ^n=; (b)A, = ^. 

21, Find thearea of the cardioidp = 3a(I -cose). A^is. A. = GTra''. 

22. Find the area bounded by the semi-oubical parabola ay^ = 'xfl and x, = a. 

Ans. A, = ia3, 

ir of the logarithmic spiral (> = «"* between the radii 
24. Find the area of the segment of the parabola y^ = iax cut oft by the line 



Sy-2z 






25, Find the area of the sector of the ellipse i^ja + a^ = a'!/^ cut out by radii 
through the points whose ahseissffi are a; = a and x = ^a. Find also the total area, 

Ans. Area sector = ^V7 + I sin- '1 Total area = 7ra6. 

26. Find the area of tiie segoiect of an ellipse cut off by a chord joining the 



ends of the major and a. 



Ans. A. = — (it — 2), 



27. Find the area of the hypooycloid x^ + y^ = a^. 
[L6t3:-«™3»etmd!/ = «sm»9,] 



An.t. A. = J IT. 



28. Find the areas of the three parts into which the curve x'' + y^ = a'' i 
dirided by the curve x'^ — y^t= a:'. 

Am. Areamiddlepart = 2(![3sin-i V|"+log(l H-Va)]. 
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ni. VOLUMES. SURFACES 

1. Find the volume of a paralleiopiped by triple integratioa. 

8. Find the volume, mass, and mean density of the sphere a^ + j/^ + s^ = «■ 
where the density varies as the distance from the plane x = 0. 

Ans. V. = -jr(i3. M, = t = -— ■ 

3 2 8 

3. Find the volume bounded by Iho anrfacea j/^ + k' = iz, y^ + x^ = 3a 
and 2 = 0. Ans. V. = JJ|jr. 



5. Find the volume of an octat 
p. 7. 

6. Find the volume and surface of the cone formed by the revolution of the 
line ky = ax around the X^isis, between a; = and x = h. 

Ans. V.-^wa?. S. - Tra VA^ + aK 

7. In Ex. 6, if the density varies as the nth power of the distance from the 
vertes, And M and ?. 

8. Required the volume formed by the revolution of the curve ;/ = a sin - 
about its axis, between a; = and k = J ajr. Find also the mass and mean density 
if T varies as cos-i and the point at which the mean and actual densities a 



jr%3 ,, ■aa^k 



9. Required the surface and volume formed by the revolution of a quadrant 
of a circle about the tangent at its extremity. 

Aia. S. = 7ra2(^_2). v. =~<10 -Sir). 

10. Required the surface and volume obtained by the revolution of the traotris 
y'^dx= -(a=-j/2)=j/<i!/ about the X-asis, Ans. V. = f7ra=. S. = %Tra\ 

11. Find the volume included by Ax"^ + !/' + iz* = i. Ans. V. = -— . 

12. Find the volume and surface of a paraboloid of revolution whose generating 
curve isy^ = 4 ax, between, the vertex and the plane x = b. 

Ans. Y. = 2Trah\ S. = ^^^ [(a + 6)3 _ a*]. 

13. If the density of both the volume and surface in Ex. 12 varies as {a + x), 
find the mass and the mean density of both the solid and the surface. 

14. Find the volume of the cylinder k^ + «« = n' cut by the plane y = and a 
plane through the Z-axis mating an angle * with the XZ-plane. 
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15, Find the volume and the surface of the frustum of the cone of Ex. 6 made 

1,, a. piu.= I - ». ^„. V. = "'f^;''' (5- - » + j>), 

e and height is cut from a paraboloid of revolution. 



ing solid. 



Ans. V. = -~{6ah^r^). 



17. Consider the are of the parabola y^ — ioa. between the origin and tbe point 
(a, 2(1). Find the volume and surface formed by tfie revolution of the arc about 
the line a; = a. Ans. N.= \%m^. 

18. Find the volume and surface formed by revolving the arc of Ex. 17 about 
ther-axis. Am. V.= fjr(ts. 

19. Find the volume formed by revolving tlie area between the arc of Ex. 17, 
the X-axis, and the line x = a, about the F-asis. 

20. Thearcof the catenary ^ = — (6" + e ") between k = and a = a is revolved 
about the y-asia. Find the surface and volume generated. 

Ana. S. = 27ra2/l--y V. = '^L + - - i\. 

21. Find the surface and volume generated by revolving the quadrant of an 

,liip,B»ijoutti..x-i»i.. ^.,, T.= |™b'. s..™6[vi^r# + 'j!Zii]. 

22. Find the volume generated by the revolution of a sector of a circle ot 
radius a about one of its extreme radii, the angle between the radii being p. 

Ans. V.= |Tra»(l-coa(3). 

23. Find the volume generated by the revolution of the ciasold y^{2a, — x) = k' 
about its asymptote. Ans. V. = 2 -a^a^. 

24. Find the volume of the sphere x^ + y^ + !fl =: a^ c^xt out by the cylinder 
S2 -f j/a = ax. [Transform a; anil y to polar aoilrdinateB.] 

Ans. V. = ^ 5ru' — -'/ «'■ 

25. Thecycloid» = a(e — sine), 2/ = a(l- cose)revolveaabout itsbase. Find 
volume and surface generated. Ans. V. = 5 ttV. S. = ^ tto^. 

26. Find the volume and surface if the cycloid revolves about its axis. 

A,^. T,= ~.(5f -?). S. = if (8X-4). 

27. Find the volume and surface generated when the cycloid x = a{e — sine), 
y = a(l + cosS) revolves about the tangent at its vertex. 

Ans. V.= 7r%3 s.^Yttix^. 

28. Find the volume and surface formed by the revolution of the cardioid 
p = 2a(l-cose) about its asis. Ans. V.--",*™". S.= H^Tra''. 

29. A right circular cone of height A, radius a, and having an apex angle 2 w. 
Is out by two planes through its axis inclined at an angle e. Find the portion of the 
surface out out. . g _ "^ 
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t with their axes perpendicular, 
i cut out by the other. 

Ans. V. = -'^aK S. = 8aK 
Si. Find tie volume and suxfacegeaeratedby the revolution of the hypocycloid 
xi + y^ = a^ ahont either asis. Am. y- = ^ Ta». S. = J^ na^. 

32, Find the Tolume of a solid of revolution where the Z-axia is an axis of sym- 
metry and where the area of any cross section perpendicular to the axis varies, 
(a)aa(a-^); (b)as(a-z)'; {c) aa V^^T^; (d) as sin (a - ^) . 

33, Find the volume included by the coordinate planes and the hyperbolic 
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CHAPTER II 
MOMENT AND CENTER OF MASS, AREA AND ARC 

11. Moment of mass. We shall have occasion throughout this 
volume t<i make frequent use of the term material particle, or 
particle simply. By a material particle is meant a portion of matter 
so small that it may be regarded, without sensible error, as reduced 
to a point. In other words, it is a weighted point, or a point-mass.* 

The moment of mass of a material particle with respect to a given 
plane is the product of the mass of the particle and its perpendicular 
distance from the plane. 

Thi^ if m is the mass of a particle at a point P and r is the 
distance from a iixed plane S to P, then the moment of mass of 
the particle with respect to E is rm. 

Again, suppose there is a system of n material particles of ii 



whose distances from S are respectively 
r,, r^, ..-, r,. 

Then the sum of the moments of mass of the several particles, 
that is, the value of 

(1) 2rm = r^m^ + r^m^ -[.... -j- r„?M„, 

is called the moment of mass f of the eastern with respect to E. 

The idea of moment of mass may he extended to a continuous 
solid as follows. Suppose the given solid S to be divided into 
elements of mass Ajm, and let a point P be chosen in each element 
according to some law ; for example, the centers or corresponding 
vertices of the elements. Let S be a given fixed plane, and let r 
be the perpendicular distance from E to the point P chosen in h.m. 



• Mathematically, a 



Dto tiie eipreBSiOD for the . 
id as an equivalent. 
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MOMENT AND CENTER OF MASS 19 

Then if we multiply each element of mass by the distance from 
the plane £' to the point F within it, and take the sum of all such 
products, that is, find SfAm for the solid, the limit of this sum, or 

(2) limit Sj-Am — I rdm^ 

is called the moment of mass of the iolid S with respect to the 
plane E, The moment of mass will be denoted by C^. Hence we 
have with respect to any plane H, 

(3) Moment of mass = CJ, = / rdtn. 

It is important to note that an algebraic sign is necessarily 
attached to r as in analytic geometry of space (Analytic Geom- 
etry,! p. 356). That is, it is necessary to assume r to be positive 
for all points on one side of the plane JS and negative for all points 
on the other side. 

12. Plane of symmetry. Since the distance r carries with it an 
algebraic sign, the conclusion may be drawn at once that moment 
of mass with respect to any plane of sy^mnetry is zero. For at points 
similarly situated on each side of E, r has the same numerical value, 
but has opposite signs, and since the mass Am of each element is 
the same, the terms of SrAw cancel in pairs and C^ = 0. 

13. Standard form of moment of mass. Since each term of 
SrAm is the product of a mass by a length, the sum itself must 
necessarily be the product of a mass, a length, and a numerical 
factor. This is true not only for a system of particles but, by 
(2), for a solid also. Hence the moment of mass may always be 
expressed in the standard form, 

Cjf = nML, 
where Ji=a numerical factor, jy"= total mass, and Z = a length. 
Dropping the factor n, the right-hand side of the equation becomes 
the ordinary dimensional formula, which is usually designated 
by [Jffi]. 

• There IB no ancepted deaignfltion for tliis Integral, On account of Mi fcaquent occurrence 
however, some Blcople notation is very convenient. The letter C is snggested naturally on 
aeoonnt of the Importance of this inM^al in tlie eipression for center of mass, often called also 
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14. Solids. Rectangular coordinates. In rectangular coordinates 
^m = TAzAyAx (p, 6), and if we choose in turn each coordinate 
plane as the fixed plane JS, then 

when £' is XY, r = a, 
when E is A'Z, r = y, 
when £■ is YZ, r = x. 

Hence the fundamental fonnulffi 
for moment of mass in rectangular 
coordinates : 




=///' 
=///' 
=///' 



Tsdzdyda;. 

dsdydx. 

Tydstlydx. 



By the aid of equations I it is easy to find the moment of mass 
of a solid with respect to any plane H whose equation in the nomial 
form (Analytic Geometry, p. 348) is 

3^ cos a" + y cos/?+ z cos 7 — ^ = 0. 

For let r be the distance from the plane E to the point Fix,y,z). 
Then (Analytic Geometry, p. 857) 

(1) r — X cos a, + y cos /3 + 2 cos 7 — ^- Hence 

1 rdm — j X cos adm + j y cos ^dm + j z cos 71^™ — 1 pdm 

(2) .'. Cie = COS aC^^ + cos (ffC^ + cos yC^„ - p3r. 

Hence, if we know the moments of mass with respect to three 
mutually perpendicular, intersecting planes, chosen as the coordi- 
nate planes, the moment of mass with respect to any other plane 
may be found by equation (2). 
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Theorem. The moment of mass of any solid with reapeat to a 
plane JS whose equation is given in rectangular coordinates, is foimd 
as follows. 

First step. Reduce the equation of E to the normal form.^ 
Second step. Replace each coordinate hy ike moment of mass with 
respect to the corresponding coordiTiate plane, and replace p hy 
p times the total mass of the solid. The value of the right-hand side 
of the equation gives the desired momcTit of mass. 

ninstrative example. Eequiredtliemomeiitofmassofarectatigidarparallelopiped 
of deiM% 1 with respeat to the plane E whose equation is2x — j/-i-2z + S = 0; the 
parallelopiped b^ng bounded by the coordinate planes and by x = a, y = b, z = c. 

The moineats of mass with respect to the FZ-plane are given by I, p. 20, 

Similarly C^ = — - and C,,^ = — ■ 

The equation of E above reduced to the noroiai form is 

■ Hence, by (2), p. 20, tie moment of maas with respect to E is 

323232 6^ ' 

15. Moment of mass with respect to an axis or a point. In a manner entirely 
analogous to the definition of C'ji above, we may define the moment of mass of a 
solid with respect to a line or a point. Thus the moment of mass with respect to 
the X-axis is 

C^= j fdm = j Vy'^ + z^ dm, 

wtiere r in tbe general formula becomes the distance from F{x, y, z) to the X-axis. 
Similarly the moment of mass with respect to the origin is 



Co=Jv^^ 



However, in the case of solids, moments of maas with respect to lines and poinM 
are relatively unimportant; the important case being moments with respect to 
planes, usually the coordinate planes. 

■The equallon of a plane <s ledoced to the normal form as follows (Analytic Geometry, 
p, 350). Divide tbe equation of the plane by ± V^s -f ^ -f d. The direction eoslnes of the 
normal to the plane are reepectitely ^, £, and C divided hy ±^ A^ -i- B^ + C. The sign of the 
radical iB opposite to that of i), —the same aa that of C if D = I), tbe same as that of it It e = Zl = 0, 
or the earns as that of ^ it B=C=D = II. 
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16. Center of mass. Consider the equation C^^ = I xdm, which 
defines the moment of mass with respect to the Z^-plane {I, p. 20). 
Evidently there exists a distance x sueli that C^ — xM, where M 
is the total mass of the solid. Similarly we may write C^ = yM 
and C^ = zM. Hence there exists a certain point P{x, y, z), whose 
coordinates are defined by 

(1) 2^—-"-, y — -^, s=-^. 
- ' M '' M M 

(2) Let r — X cos a + y cos /3 + s cos y — ph% the distance from the 
plane E whose equation is x cos <x + y cos /3 + s cos 7—^ = to 
the point P. The moment of mass of a single particle of mass 
M at the distance r, with respect to the plane E, is (p. 18) 

(3) Mr = Mx cos a + My cos ^ + Ms, cos 7 — pM. 

Also, by equation (a), p. 20, the moment of mass of any solid 
with respect to the plane E is 

(4) C^ = C^^ cos a + C„ cos /3 + C^,, cos 7 - pM. 

If we replace x, y, a in (8) by their values in (1), the right-hand 
members in (3) and (4) become identical and we have 

(5) C^ = Mr. 

That is, a single particle of mass M at the point P {5, y, I) has 
the same moment of mass with respect to the plane E as the 
original solid. The point P(x, y, z) is called the center of mass of 
the solid. 

Theorem. In every system of particles or in every continuous solid 
there exists a point P(x, y, z) at which, if the whole mass of the system 
of particles or of the continuous solid is concentrated into a single 
particle, the moment of mass of this particle with respect to any plane 
is the same as that of the original system or solid. 

The position of the center of mass F{x,y,z) is independent of 
the choice of axes. It may be regarded physically as the average 
position of the matter which is contained in the given solid or 
system of particles. 
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Formulae for center of mass in rectangular coiirdinates : 



y = - 



Uh'^y"' " ffS- 



.e,,Jff' 



Ttlsdydsc 

IJJ 

ilzilydx 



Ilh"' 



If the solid is homogeneous, t is constant and divides out. 
From equation (5) we obtain 

-§■ 

which gives the distance rfrom any plane E to the center of mass. 

17. Principle of symmetry. Centroidal planes and lines. Since 
the moment of mass with respect to a plane of symmetiy (p. 19) 
is always zero, it is clear that the center of mass must lie in such 
a plane. For in equation (([), 

- ^£h 

r is the distance from the plane E to the center of mass, and if E 
is a plane of symmetry, C?^ = and hence r = ; that is, the center 
of mass Hes in the plane. 

It is also evident that if a homogeneous solid is symmetrical 
with respect to two planes, it is symmetrical with respect to the 
line formed by their intersection. Such a line is an axis of sym- 
metry and passes through the center of mass. The intersection of 
two axes of symmetry is a center of symmetry and this point is 
the center of mass. Thus the center of m^s of a homogeneous 
right circular cylinder lies on its axis halfway between its bases. 
The center of mass of such solids as a homogeneous cube, ellipsoid, 
sphere, etc., is at the geometrical center * or center of volume. 



y Google 



24 



THE INTEGRALS OP MECHANICS 



The center of mass is often called the centroid of the tody, and 
planes and lines passing through the centroid are called respec- 
tively centroidal planes and centroidal lines.* Every plane or line 
of symmetry passes through the eent«r of mass or centroid, but 
not every centroidal plane or centroidal line is a plane or line of 
symmetry, 

18. Illustrative esamples. ^ — J_^-^ 

1. flomosetieous right cyiinder. Given any homogeneous r 
cylinder of height S. whose baae ia in the plaJie S.Y. Let A 
represent the area of the base and V the volnme. Then we have, 
I, p. 20, 

Ci^ = T jjfzdzdydx = t | gdz j j dxdy \ — t — A, 



III 



CaiB = r— V=M— 



Theorem. The moment of mass i)/ any homogeneoaa right cylinder with respect to 
the plane of iU base is equal to the product of the total mass M by half the altitude. 

If the point O is the center of symmetry of the base A, then OZ is an axis of 
symmetry and Ogi= Ci3 = 0. 

Center of mass. If OZ is an axis of aymmetty, x and y of II, p. 23, are evidently 



But 



M^ 



Theorem. 
cylinder having a 



point halfway between its 
2. Homogeneous right 
represent a liomogeneoi 



r of mass of an!/ homogeneous right 
s of symmei/ry lies on the axis 'i at a 



'. or pyramid. Let the figure 
whose base ia in tlie XF-plane 
and whose altitude is A = OH. Also let S be a section parallel 
to the base B at the height OF = %. Then i£ OZ is an axis 
of symmetry, (Tea = O^ = and 



"''Iff aditdydx = T I zdz j j dxdy . 




* Througlioat this vorK the lerm center of maaa is used in prefereace to either of the terms 
center nf graoity or cetitroid. The adjeetlTe centroiftal, howeyer, applied to planes and lines 
which pass throngh tbe center of mass, is very convenient and does away with an awkwHtd air- 
oamlooution, al) the more obieetionabla beoause of its necesaarllT frequent repetition. 

t The axis ot any homc^eneous cylinder )s the line drawn through the center of symmetry 
(p. 23] of the base parallel to the elemenls of the cylinder. 
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It fjdxdy = 






Precisely the same reasoning applif 



S)*Srf2 






M~ 



a a pyramid. 

Theorem. The moment of mass of any homogeneous right cone or pyramid relative 
to the plane of its base is equal to the entire mass times one fourth its height. 

Center of mass. Tlie center of mass is given at once by the Eormulie II, p. 23, 
Eyidently Cx^ — Cy^ — 0, and hence x = y ~ 0. But 



VI 



M 



-!3 

M 



homogeneous right cone or pyramid having 
:!s * at one fourth the distance from the base 



Theorem. The center of mai 
an iMis ofsi/mmetr;/ is situated 
to the nertea:. 

S. Solid of teoiun cross serf ion. Let figure represent a solid whose cross 
parallel to a flsed plane are known as a function of tlie 
distance from that plane. Thia general class of solids 
includes prisms, pyramids, solids of revolution, and 
many others. Take the plane XY as the fixed plane. 
Then the area of a cross section parallel to XY at a 
distanc* z is, by hypothesis, a known function of s, ^(s). 
Hence, if the solid is homogeneous, the 
with respect to the plane XY is (I, p. 2' 

C^„ = fCfTzdxdyda = ^ f 'idzl jCdxdy 

I / dxdy 

! I I dxdy = <p {z) and 

■X; 

M=tC <i,{z)dz, 



(1) 

(2) Since 



~ area of any section S for wliich 
Hence I j dxdy = (J(s) and 

C^y^TJ z-4,{z)dz. 




J 4,[z)atc 



before, that z is an axis of symmetry, a 
Euffloient to determine either Cxg or M. 



-y = 0, A single Integra- 



y Google 



THE INTEGRALS OF MECHANICS 



Since the directions of the coordinate axes are arbitrary, it ia evident that z in 
(3) may be replaced by either x or y. Tlius if the fixed plane is designated by YZ, 
the area of any cross section parallel to YZ is ^ (x). That is, we may have 



I ip (a) xd 
j"'4,(x)<L 



j •t'(y)ydy 
J 'pl,y)<iy 



When the bc 
(1) and (2) if T 



d is not homogeneous the formulae are slightly modified. Thus in 
I also a, fonction of the distance from the fixed plane XY, 



C:cu = f Tip {z) zdz 



where z may be replaced by x 



(8) C^j^dzy fTdxds]^J^^l!)^i. 

where now ^{i)-] Udxdy is known and theformulffl ootreeponding to (6) and 17) areobvIouB. 

Theorem. If the areas of paxalUl cross sections and the density at each point of a 
solid are knovin fundiana of the distance of these cross sections from a given plane E, 
then the distance from E to the center of mass is gimn by 



JrH^: 



j'-rHv) 



according as the given plane E is YZ, ZX, 
in VII only two integrations are necessary. 
The following examples 4-8 are particular 



XT. The 



niportant point is tliat 



of VII. 

4. HomogeneoiM eUipsoid. Take the equation of the ellipsoid ai 




0= h3 d^ 
and consider the part to the right of the plane YZ. 
It is evLdent from the symmetry of the figure that 
Ciy = Cu = 0. Cys is obtained as follows. 

of any cross section S parallel to YZ 



(p.7)„tV = ,l.(l-D. 
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Hence in VII, 



MOMENT AND CENTER OF MASS 
p. 26. we have 0(1) = jr6c (l- ^)- 

_ "'°X"('-S)"' _ l„Jt, ^3 

from considerations of aymmetry. 



It is evident that y — 

6. Solids Iff remivtion. A solid of revolution is a less general case of ' 
but one, however, of great importance. In the case of such solids the problen 
finding tlie moment and center of mass is consiiier- 
ahly simplified. We need not discuss the general case, 
as the follovting typical example vtiU make plain the 
process to be followed in all. 

Oiven, (he paraboloid formed by the revolutioti of the 
curve y^ = iax, aboiii Oie X-axis, to find the moinent and 
center of mass of the portion cwtitffby the plane z = 6. ] 

Suppose the density varies as the distance from the 
plane 1 = 6. 

Hence T — k{b~ail. The cross section S being in this 0: 
we have <p{x) = 11^ = ir 'iax. Hence, by VII, 




/ k{b-x)(-!r-4ax)xdx 

C''k(b-x){ir-iax)dx ^ 

by symmetry. The mean density (p. 7) if 

f k{b-x)('?r-4ax)dx 

f = ^ — —, = -k. 

i ir ■ iaxdi: 



6. To find the moment and center of nwwa of (he homogeneous solid formed by the 
revolution of Ike cardioid p = 2 a (1 + cos B) about the X-axis. This example illus- 
trates the use of polar coordinates. Since OX is an azis of 
symmetry, in VII, <p{x) — ir^ = ir' p'wi^e. Alsoi = /) cosfl 
and iJk = dp cos fl — p sin BdB. Since 6 varies from to tt, 
we have, by VII, 



-^ — >- 

rA" ! 



J' 



)s e [dp cc 



mdpQ,i 



Trom the equation of the curve, dp 
alues in terms of 6 and simplify. 



X'<'+' 



1 SdS. Substitute for p and dp theii 
6) (2 Bin 8 008= Odd + cos » sin ftJfl) 
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When the parentheses are expanded and multiplied togetlier tlie integration term- 
wiae becomes very simple. 

As an example of a case where there ia no plane of symmetry consider the fol- 
lowing prohlem. 

7. To fiitd the moments and center of miws of the homogeneous solid bounded by 
the surface z^ = xy and the planes x = a,y — b, and s; = 0. 

Cxg = fzdm = T CfCdzdyda: — ri I I dzdydj. = —z-'^- 

Similarly we And 

and hence the center of mass is 



PROBLEMS 

1. At each comer hut one of a unit cubical frame without weight are situated 
material particles of equal mass. Find the moment of mass with respect to any 
side of the cube ; also find the center of mass, assuming the i 

origin at the unweighted corner. 

Ans. x = ^ — z = ^. Mom, of mass = Sm or 4m. 

2. Find the center and moments of mass if the particles 
have masses proportional to the numbers beside them. 

3. Find the center of mass and moments of mass of a 
e density varies as !^, assuming the base in ^ 



the rs^plane and the origin at the center of the base. Ans. a; = | a. 

4. rind the center of mass of the cone formed by revolving the line hy = ax 
around the X-axis between x =^0 and x = h. Ans. x = f ft. 

5. Suppose the density in (4) varies as the nth power of the distance from the 
vertex ; find the center of mass. . _ _ " -H 8 , 

6. Find the center of mass of aa octant of an ellipsoid. n + i 

1. Find the moments of mass and the center of mass for the solid included by 
tie surfaces y^ ■\- x"^ = i z, y'' + 3? = Zx, and z = 0, 

8. Tiie area bounded by the lines y = 0, x = a., and the curve ifi = 4aa is 
revolved about the T-axis. Find the volume and the center of mass of tie solid 
formed. Am. y — ^a. 

9. Fmd the moment of mass of an octant of an ellipsoid of density 1 with 
respect to the plane whose equation is 4a; — 3^ + 3 — 2 = 0. 



10. Find the moments of mass of the hemisphere in Ex. 3 and of the c 
Ex. 4 with respect to the plane whose equation isx~y + 2z-3i:0. 
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19. Moment of area. The definition of the moment of area of 
any surface, plane or curved, is precisely analogous to that already 
given for moment of mass (p. 18). The given surface is divided 
into elements of area AS, and a point is selected in each element. 
Then supposing AS to approach zero, the limit of the sum of the 
products formed by multiplying each AS by the distance r of the 
corresponding point from a fixed point, axis, or plane JS, is called 
the moment of area with respect to the point, line, or plane as the 
case may be. That is, 

(1) Moment of area of any surface = limit 'SrAS = | rdS. 

In the applications of equation (1) we shall use A for plane areas 
and S for curved areas only. 

The most important case of moment of area of a plane surface 
is that with respect to axes lying in the plane. Results may always 
be put in the following standard form : 

(2) Moment of area = nSL. 

The moment of area relative to an axis of symmetry vanishes 
because of the algebraic sign which must be attached to r, positive on 
one side of the axis and negative on the other. 

20. Calculation of moments of a plane area. 

Rectangular coordinates. Using rectangu- 
lar coordinates in the plane of the area and 
denoting by C^ and (7^ the moments with 
respect to the axes of X and Y respectively, 
we have at once by definition, 

vm C^= I ydA = j j yascdy; Cy= ixilA^ii'. 

Polar coordinates. In polar coordinates we have, approximately, 
AA = pApAB (p. 5), and by reference to the figure it is seen that 
x = p cos 6 and y = p sin 9. Hence the formula) for moment of 
area become 

<7^ = \\ V- ptl^ptl^ — j j p^siaS dpd$ ; 

Cj,= j I x-pdpdB= j I p^cos0dpd0. 




xdxdy. 
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21. Center of area. The center of any plane area is defined by 
forraulfe analogous to those for center of mass, 11, p. 23. If the 
plane of the area be chosen as the JifZ-plane, we have as formulae 
for center of area 

I I xdxtly \ I ydscdy 



I I dxdy j I dwdy 



It may easily be shown that an equation similar to (6), p. 23, 
holds for areas. That is, the perpendicular distance from any line I 
to the center of area is 

(„ ..a 

In polar coordinates equations X become 

1 1 p^cosff apiie _ j j f^sinff (ipdB 

II 7f, = -p^^^S=-LL^ _; ^ = p^ine = ^^^L~- 

jj pap,l9 Jj p'JpdB 



22. Center of mass of thin plates. A thin plate or lamina may 
be regarded (p. 9) as a cylinder of very small height or thickness h, 
density t, and area of base A. The mass of an element of such a 
solid may be written 

Am = T - hLA. 

Taking the XF-plane as the plane of the plate, and assuming it 
to he homogeneous, the formula; II, p. 23, become 

I I dxdy j j dxdy 

{by VS, p. 24). In the present case z is very small, so small in 
fact that it IS usuxUj assumed equal to zero. The values of x and 
y are the sime as for a plane area. Hence under the given con- 
ditions we mij SV) that / r homogeneous thin plates or lamince 
centers of ma&'' an I c nt is of area are identical. 
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23. ninstrative examples. 

1, Homogeneous plane triajigle. Let there tie given any plane triangle ABC 
and let the base AB be chosen as tlie axis of X and the median from the v 
opposite the base ae the asis of ¥, the 
axes thus chosen making an angle a 
with each other. Also let AB = 2 a and 
OC = l. Then the equation of -4C is 

.,-., = ... or .,'JlfS!. 

and the equation of BC is 

ay + l^ = al or ^ = ^^- 




= Kin2(i/ i J ytaiy = ^ 



Cj, = hy symmetry. The a 
standard form Ca, may be writtei 



which becomes d — 


~A in rectangular CO Qrdinates. 


In finding the een 


ter of area, it must be remembered that the formula derired 


on p. 30 are for re 


tangular coordinates. The perpendicular distance from the 


X-bs\b to the cente 


o( area (0, y) is ^ = i^^ (p, 30). Since tliis distance, in 


the present example 


is also equal to y sin a, we have 


Xll 


5.i.„ = iijl5 „ -, = l 



Theorem. The center of area of a, plane triangle, or the center of mass of a homo- 
geneous triangular plate, is situated in. the median from the vertex to the base and is 
one third (Ae length of the median from the base. 

2. Circular sector. Let the equation of the circle in polar coordinates be p = a, 
and take the line OX bisecting the angle -A OB =: 2 of the sector ae the axis of X. 
For e, the limits of integration are evidently — ^ and ^ ; for p, and a. 
Then, by IX, p. 29, the moment of area Cj, is 



Nl 



(^v 



'CT' 



■>%edpd9 = — f cosMS = -oSsin0. 
is A= CCpdpdB = a'^ip. 



and hence the center of a: 
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. of on eHipse. Let the given segment of the ellipse w! 
e a and 6 be that out oft by the quadrantal chord AB. The equation of the 
ipse is 1^2 + o=;/2 = a'ft^, and the equation of the chord \aay — h(a — k), where 
^ DP and X = KP. Henoe the moment of area with respect to y is 

dx L" ydy = — 



Hence the center of area ia at tlie point 

__ an __ gft 

''"3(77 -2)' "-3(77-2)' 
It problems 1, 2, 3 concerned homogeneous thin plates of the same forms as 
the areas, the process of solution anil the results would be the same as those givea 
above for the areas. The formulie were shown to be the same for homogeneous 
plates and for areas on p. 30. In case the plates are not homogeneous they are to 
be treated as non-homogeneous cylinders. 



1. A regular hexagonal frame of negligible i 
t the middle points of five sides. Find the n 
n weighted side coincides with the F-asia. 

2. Find the center of area of the triangle OAB in the circular sector, p, 31. 

Ana. y = (); S = | o cos^. 

3. Find the center of area, (1) of a quarter circle in the first quadrant ; (2) of 
ne sixth of a circle, supposing the X-axis to be an axis of symmetry. 

Ans. (l)l = ~ = j?; (2)x = --^-, y = 0. 

4. Find the center of mass of a quadrant of a homogeneous elliptical plate. 

r = a sin - and the axis of X between 

6. A thin plate whose density varies as (A^ — 3i^~* is bounded by the lines 
y = ax,y = 0, and ii; = A. Find its center of mass. Ans. iE= ^Trft; g = ^irah. 

7. Find the center of the area bounded by j/' = 4 01, ji = 0, and a; = 6. 

Am. « = !&; y = |Vn5. 

8. Find the center of the area bounded by the hyperbola xy = <^, x = a, x = b, 
andy-O. . - _ & - a . - _ c^{b~a.) 

log 6 - log a ' 2ab (log b - log a) 



y Google 



MOMENT AND CENTER OF MASS 33 

24. First theorem of Pappus and Guldinus. Let there be given 
a plane area bounded by any curve. The center of area is given 
by equations X, p. 30. Suppose now that this area is revolved about 
the JC-axis ; the volume generated is F= I I 2 i^ydxdy. The path 
described by the center of area is a circle whose circumference ia 



(1) 



2 TT?/ = —^ M ydxdy = - , 



or the length of the path described hy the center of area is equal to 
the volume generated, divided by the area in question. 

This proposition is useful for finding the volume of a solid of 
revolution when the area in question and its center of area are 
either known or may he found more easily by direct integration 
than the volume itself. Conversely, if the volume and area are 
known, the center of the given ai'ea may be found. 

Sor example, to find tte center of area of a semi-circle having tie X-asis as a diam- 
eter ; if a is the radius of the circle, the area ia — and the volume is - -na^. Hence 



25. Moment and center of area of any curved surface. The gen- 
eral formula for the moment of area of any surface has already been 
given [(1), p. 29]. For any curved surface referred to rectangular 
coordinates 



which being substituted in equation (I), p. 29, gives 



-ff'i^ 



Tlie center of area is evidently given by 5 = —^, etc. 

For curved surfaces the important moments are those with 
respect to planes. 
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26, Surfaces of revolutioa. Let the axis of X be the axis of revo- 
lution and the generating curve y =/(»). Also let As be an element 
of arc of the generating curve. Then during the revolution of 
ij =f{x) about X the element of arc As will generate a small 
strip or elementary area A5' of 
the surface, which is approxi- 
mately the surface of a frustum 
of a eone of revolution. Since 
the slant height is As and the 
radius of the median section is 
J/, we have A5' = 2 iryAs, which 
is more nearly correct the smaller As is taken. The elementary 
moment of area with respect to YZ is approximately* 



Y 


„-&£W 


^ . 


K.m — |. 


\ 


'■•2. \ 


i *- 

1 ...-:. 


/ 



and the moment of area of the entire surface is the limit of the 
sum of all such moments ; that is, 

Moment of area = limit SsjAiS' = 2 tt limit IxyAs, 
or C^, = f3:dS' = 2-jt Cayds. 

Theorem. The moment of area of the surface of any solid of revolu- 
tion with respect to a plane YZ perpendicular to its axis is given by 

XIII C„, = "Zir fasyds = Stt f 1 + /||1 Tic^rfa;, 

where OX is the axis of revolution and y —f{x) is the equation of 
the generating curs'e. 



" "Theva 


us of 


C,z 


nay be found dire 


otlj 


from tlie 


aefinitlon w 


kST 




oximately, 












C^ = i;2a:iS = 


%. 


[-©■ 


tbeaouWes 


jmms 


tton 


ndlcating that hoth x 


andjiTarji 








= 2i.SflS. But 


saS 


is tie are 


ated Dy the 










-fl^)lsre 


Heooe appr 


xima 


ely 


Cj. = Ea>.2.rj/Ae,a 


ah 


ye. 



,S-iS' = 2iri(isgener- 
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llluatrative example. Mnd the moment and center of area of the surface of a 
hemisphere. 

Let the equation of the generating circle be ai^+^^=(i^. Consider the temiBphere 

to Uie right of the TZ-plane. Then J^ = - - , and from XIII, 

dx y 



C^s = (xdS = 2 TT I -Jl + (^ ^xvdx, = 2 Trafxdz = 



s then at the point </ = 



Siro' 




It should be noted that in this case the center of area is a point outside the si 
face itself, and this is usually the case with arcs and. curved surfaces. 

Exactly the same relations hold hetwoen the formulas for curved surfaces a 
thin shells as between those for plane areas and thin plates, p. 30. 



PROBLEMS 

1. Find the moment and center of area of the surface of tlie cone formed by 
the revolution about the X-axis of the segment of the line hy = ax inclu ded between 
the origin and x= h. Aiis. Cg, = Jiraft Vft^ + a^; S = ^ft. 

2. Find the center and moment of area of tlie surface formed by the revolution 
of a quadrant of a circumference about a tangent at its extremity. 



ass of the first o 
n beiDg the cente 



t of a thin spherical shell whose 



4. Find the center of mass of a thin homogeneous shell which is that portion 
of the surface of a right circular cylinder ^ + z^ = a% cut out by the planes 
y = X tan ip, 2 = 0, and x = <). 

5. rind by the theorem of Pappus (1) the center of area of one fourth of a circle 
in the first quadrant ; (2) the volume generated by revolving the circle (k — ay+y^=r^ 
about the axis of T. 



■ (I)S 



; (2)F=: 



! TT^ar''. 



27, Moment and center of arc. The definition of moment of 
arc should be evident from the preceding definitions of moment of 
mass and moment of area. Let a given curve be divided into ele- 
ments of are As, and let r represent the distance from a given point, 
line, or plane to a point suitably chosen in each element. Then 



(1) 



Moment of arc = limit SrAs 



-f' 
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Results may always be put in the standard form = nsL, where 
3 = total length of arc and n and L are as before. 

The center of arc is defined in exactly the same way as center 
of area and center of mass. 

In rectangular coordinates the moments of arc for a plane curve are 

XIV C.^= j yds; Cy= i xds. 

The center of arc is given by 



I" 






where ds may be expressed either in rectangular or in polar 
coordinates. 

If we consider a material curve such as a thin wire, 

I Txds 

, etc. 

I rds 

moments and center of arc of a quadrant of 



C^= { ryds ; 



7" 



Illustrative example. To find U 
the hypocjfcloid x^ + y^ = a^. 
Consider the part of the oacvo 
gratioi 




■^0 J„ \ \dx,/ 



Similarly C^ - 
Hence the cen 



,./* = !.. 



88. Second theorem of Pappus and Guldinus. Let there be given 
any plane curve, say in the JTY-plane. An element of the curve is 
approximately As = (Aa;^ -\- A^')*. Now suppose the curve to revolve 
about the Z-axis. Its center of arc will describe the circle 2 irp, 
which from equations (XY) is equivalent to 
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But the numerator of the right-hand member of this equation 
is the surface of revolution generated by the curve as it revolves 
about OX. Hence 
(a) 2 7r»/=-- 

That is, the length of the path described ly the center of arc of 
the curve is equal to the area of the surface generated, divided by 
the length of the curve. Evidently a similar relation holds for x when 
the curve is revolved about the r"-axis. 

Hence, if two of the quantities S, s, and y are known or may 
easily be found by direct methods, the relation (2) enables the 
third to be calculated very simply. 

29. Principle of combination. If a solid consists of two or more 
parts, we may, so far as the moment of mass is concerned, regard 
the mass of each part as concentrated at its center of mass (p. 22). 
The center of mass of the entire figure is found by considering the 
several centers of mass of the parts as a system of particles whose 
masses are the masses of the corresponding portions of the solid. If 
a portion is cut away, the mass of that part is considered negative. 

Suppose a solid iS" of mass M is composed of two parts, S^ and S^, 
of masses m^ and m^ respectively. Also let P(^,^,3), P^(^^,yyiZ^, 
and ^3(^5, y^t Zj) be the respective centers of mass of the solids 
S, S-i, and S^. Evidently the moment of mass of S with respect 
to any plane equals the sum of the moments of mass of Sj and ,% 
with respect to the same plane. Taking moments with respect to 



the coordinate 


planes, 


, thereto 


re, we have 


(1) 








•■m,y, + m,y,. 


Sir 


ice -M"= « 


ll + Mj 


we find, 


by solvmg, 


(2) 


^ = ^ 


+ mA 


; y = ' 


«.^i + ""sFs . 



•1 + '"3 

By comparing with Analytic Geometry, p. 335, it will be seen 
tiiat equations (2) are identical with those defining the coordinates 
of a point which divides a given line in the ratio X = — ^ . 
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Theorem, If P^ and F^ are the centers of mass of two solids 
S^^ and Sj, of masses ?% and m^, the center of mass P of the solid 
formed iy combining S, and S^ lies on the line joining P^ and P^ 
and divides it in the ratio 

PP^ nil 

Illustrative example. It is required, to find the center of mass of the remainder 
of a circular plate of radius 2 r after a plate of radius r has been removed as indi- 
cated in the figure. Assuming the plate to be homogeneous, 
tiie mass of the part removed is one fourth the total mass iiij 
and is to tie taken as negative. Let P be the center of mass 
Then we have 




Substituting in equations (2), we obtain 

_ _ — Tiri^ ■ f + nis ■ __ __ r 
^~ arirr^ ~ a' 

Both g and z are zero by symmetry. Hence the center 
)t X, ir itt the negative direction from the origin. 



1. Find the center of arc of a sector of the circle p = a between — P and + 8, 
and from this derive the results fur quadrantal and semi-circular arcs. 

Ans. S = .— For quadrantal arc e = — and x = — — . 

For semi-circular arc e = — and x = 

2. Find the center of mass of a thin straight wire of length a whose density 



s the nth power of the distance from o 






3. Find the center of arc of the perimeter of the cardioid p = «{! — cosS). 

4, Find the center of arc of the cycloid x = a vers-' (2 a;/ — y^j^ between 

e cusps. 4 ^ 
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5. A wire whose thickness varies as the distance from the middle point is bent 
into the form of a cycloid. Find the center of mass, taking the origin at the middle 
point of the wire and the asis of the cycloid as the X-axis. Ans. y = ; x = a. 

6. Find the center of arc of the catenary y = —{e" + e "} between x — a and 

x = -a. ^ , ^ e' + i^-l 
Ans. S = 

7. Find the center of arc of the helix x = acosS; j/ = osinfl; s = iafl from 

the origin to 8 = 0,. _ _ a sing _ _ a(l — cob 9) _ _ kaS 

115. a- ^ , y^ ^ ;a-^- 

8. Find the center of the aic of the parabola y^ = iax included between the 
origin and the point where it is out by an ordinate through the focus. 

__a SV2-log(l + VB) , -_4a 2 V2 - 1 
^ *~4 v^ + log{l + V2) ' ^" 3 V2 + log(l + V2)' 

II. PLANE AREAS 

1. Find the center of mass and the mean density of a rectangular plate whose 
sides are 2 a and 2 6, iJ the density varies as the distance from the side 2 6. 

- ia _ , _ , 
Ans. x=- —; y=b; r^ka. 

2. Find the center of mass of the first quadrant of a circular plate whose 
density varies as xy, Ans. x = y = j\a. 

3. Find the center of the area included by ax" = ± ;/, » = 6, and x = e, where 
c>6. ^^^ ^^ C + a-ft-' + ' w + l 

4. Find the center of the area between the parabola j^ = 4ax, the F-axis, 
and y ^b. 

5. Find the center of the area bounded by the semi-cubical paiaVMila ay^ = x^ 
and x — a. Ans. x — ^a. 

jcnter of area from the vertices of a right triangle 
Ans. jVa^ + ft'^i J V4 02 4- 62 ; jV^"+7P. 

7. A given equilateral triangle is cut out of a circle. Find the center of the 
remaining area, supposing the center of the triangle to be situated at the distance 6 
from the center of the circle. 

8. If five nmths he cut away from a triangle by a line parallel to the base, 
show that the center of the remaining area divides the median in the ratio of 4 : 5. 

9. One corner of a square plate is cut oft by a line joining the middle points 
of two adjacent aides. Find the center of mass of the remainder. 

On the diagonal from the corner cut ofi at a distance — — from the intersection 
of the diagonals. 

10, Find thecenter of area (1) of a loopof the curvep = (iCoa2e; (2) of the 



■ep^ = 



Ans. (1) X 



105 
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side of a square. Find the cente 
from tie base of the triangle. 



11. An equilateral triangle is formed 
o£ the whole area. . 3a 

8 + 2 V3 

12. Find the centers of area of the shaded portions of the following figures. 

13. One corner of a square of side 
2 a is cut off by a line drawn from 
corner to the middle point of an oppo- ^A 
Bite side. The opposite comer is also 
cut oft by removing a circle of radius p 
having its center at tlie corner. Find 
center of area of the remainder. 

14. rind the center of mass of the 
homogeneous thin plate hounded by 
the curves •^ = 00. and ^ — hy. 

Ana. S = j«5nS6S; y^ s^aife!. 

15. rind the center of the area 
included between the coordinate axes 
and tie parabola a" -H ?/' = a?. 

16. Find the center of the area of the oardioid ^ = -2(1(1 — eoafl). Explain the 
negative sign. jlns, S = — Ja. 

17. Find the center of the area of the cycloid a; = a (S — sine),;/ = a (1 — cos e). 

..4ns. a = a5r; y = \a.. 

18. Find the center of the area of the parabola if' = iax. cut o2 by the line 
3^-2e = 4u. Ans. S = «a;j7 = 3a. 

19. Find the center of the area of the hypocycloid a' + i/^ = ai 

a of the segment of the circle k^ + ^ = a^ out oS by 
2 a sin30 
jljiS. -s, = -_ ■ 




21. Find the center of the ai 
the spiral of Archimedes p — aS. 



1 included between the first and second spires of 



III. SOLIDS AND CITRVED SURFACES 

1. A cylinder is 13 in. long and for 8 in. of its length has a diameter of 4 in. ; 
for the remaining 4 in. it has a diameter of 3 in. Find center of mass. 

Atis. f>\\ in. from thick end. 

2. Find the center of area of the surface of ahemlsphere where the density of 
each point on the surface varies as its distance from the base of the hemisphere. 

= \a. 






3. Use the theorems of Pappus to prove that the volume and the surface gen- 
erated by the revolution of a cycloid about a tangent at its vertex are respectively 
1^0? and Y ira^. 
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4. rind the center of area of the surface formed by revolving the arc of the 
parabola y^ = iax between tbo origin and the point (a, 2a) about the F-asis. 

5. Find the center of mass of the solid formed in Ex. 4. Ans. ^ = | o. 

6. Show that the center of mass of the solid formed by revolving the area 
included by the arc in Ex. 4, the X-axia, and x = a, about x = a, is j/ = J a. 

7. Find ttie center of mass of the paraboloid of revolution whose generating 
curve is J/' = 4 Oic, betvteen the origin and a; = ft. Ans. x — ^b. 

8. Find the center of area of the surface formed in Ex. 7, 

9. A cone having the same base and vertex is cut from the paraboloid of revo- 
lution in Ex, 7. Find the center of mass of the remaining solid. , _ _b 

10. rind the center of msss of the solid formed by tlie revolution of the curve 
y* — OTjifi 4- a' =: about the axis of X. * - _ ^ ""■ 

11. Find the center of mass of the solid included by (?%'^ = y^ (a' — a;^) and the 
planes a = 0, 2/ = c, and 1 = 0. --_4a. -_B^. ■._8a 

12. Find the center of mass of the solid and the center of area of the surface 
formed by the revolution of the cycloid a; = a(e — sine), y = a(l — oosfl) about its 

base. . ^ , _ 45 ff' + 128 a . , _ 26 

Ai\». For volume, ic = ■ • ■ ; for surface, x = ^a. 

16 ' '15 

13. Find the centers of mass and area of the surface of the solid generated by 
revolving the cycloid about its is.m. 

Am. For volume, x. 



__2(15^ 



14. The cardioid p = 2 a {1 — cos fl) revolves about its axis. Find the center of 
area of the surface formed. A-ni. S = — Y/"' 

15. A right circular cono of height ft and radius of base a is cut by two planes 
through its asis inclined at an angle 6 to each other. Find the center of area of 
the surface cut out. 

[Take planes J/ = ajid s = J/ tan S and aies as on p, 67,1 

^ns E = ?ft' - = -0 — ■ E = -ai^l-^^ 

16. The axes of two cylinders each of radius a intersect perpendicularly. Find 
the center of mass of the volume included by the two cylinders and a plane through 
their axes. Am. | o from plane through as:es. 

17. Find the center of mass of the solid formed by the revolution of a sector of 
a circle about one of its extreme radii, the angle between the radii being p. 

Ans. E = |acoB2J/3. 

18. From a sphere of radius R is removed a sphere of radius r, the distance 
between their centers being t. Find the center of mass of the remainder. 

Am. On the line joining the centers at a distance — ^ from the center of 

the larger sphere. 
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19. A bowl in the form of a hemisphere is cloaed by a flat circular lid of a 
material whose density is three times that of the bowl. Find the center of mass of 
the whole, neglecting the thickness of the material. Arts. J r from center. 

20. Find the center of mass of the solid included hy the coSrdinate planes and 
the hyperbolic paraboloid y = bi -j I )■ Ans. ^ = -; ^ = -6; « = 5' 

21. Find the center of mass of the solid of revolution about the Z-asis, wliere 
the area of a section perpendicular to £ varies (1) as (a — ;) ; (2) as (a — z)^-; (3) as 

22. Find the center of area of the surface of a frustum of the cone formed by 
the revolution of the line Jiy = mx about the axis of X between x = a and x — b, 
where a>b. _ _ 2 (a^ + ai + b^j 

■ ^~ 3(a + 6) 

23. Find the center of n- ' *'- "-^ ' ^ ■— ■•'- "- 
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CHAPTER III 
MOMENT OF INERTIA. Cr'dtn 

30. Moment of inertia.* The moment of inertia of a material 
particle with respect to a plane is the produat of the maea of the 
particle and the square of its distance from the plane. 

Thus if m is the mass of a particle and r is its perpendicular 
distance from a iixed plane S, the moment of inertia of the particle 
with respect to the plane is A«. Again, suppose there is a sys- 
tem of particles of masses jk„ ■ ■ ■, ™„ situated at distances r,, ■ ■ ■, r„ 
respectively from the plane of reference E; then the sum of the 
moments of inertia, namely 
(1) ^r'm, 

is called the moment of inertia of the si/stem with respect to B. 

The idea of moment of inertia may be extended to a continuous 
solid 8 precisely as was the similar conception of moment of 
mass, p. 18, using r* ii^tead of r. Hence we have at once, by 
analogy! the moment of inertia of a continiMUS solid with respect to 
a fixed plane E is defined ly 

(•2) limit Sr'^Am = I r^dm. 

This integral f is denoted by J. Hence with respect to a fixed 
plane Ey 



Moment of inertia = 



■=/- 



where r is the perpendicular distance from any point of the solid 
to the plane E. 



« Moment of inertia JB Bometimea onllea jnomeni of the Sfmnd t 


iTiler, einM 






t Id taktag the lituiC in (S) vhen Am approacliea zeio, it is u 




be dlmenaiona of the element of mans approach zero simultanel 
eceesary restriction. 


™3]y. Thi 
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It should be noted that moment of inertia is never negative. 
Mass is essentially positive, and r, which may be negative, always 
enters as the square ; consequently symmetry does not play the same 
r61e in calculating moments of inertia that it does in finding moment 
of mass (p. 19). The moment of inertia of. a body is never zero. 

31. Standard form of moment of inertia. Since the monwnt of 
inertia of a single particle is the product of the square of a dis- 
tance by a mass, the moment of inertia of a system of particles or 
of a solid will necessarily be of the same form, with the addition 
of a numerical factor. That is, we may always express moment of 
inertia in the standard form, 

(1) I^ = nVM. 

32. Radius of inertia. A single particle whose mass M equals 
that of a given solid may evidently be placed at a distance ?■„ from 
the plane of reference .ff, so that 



(.) '.-fr 



'dm = Ilrt 



Then the moments of inertia of the particle and of the solid 
with respect to the plane of reference are equal. This distance 
*■„ is called the radius of inertia or the radius of gyration of the 
solid for the plane of reference -E. Obviously r^ is different, in 
general, for different planes of reference. By solving (1) we find 

Theorem. The sqvare of the radius of inertia of any solid with 
respect to a given plane is equal to its moment of i-nertia with respect 
to that plane divided by its mass. 

33. Moment of inertia with respect to parallel planes. Let i' 

^ j^ be any point in a solid S, JS and E' 

y'' I ^ two parallel planes, and MM' = a the dis- 

— p tance between them. Then if MP = r 

^.■^ y^ and M'F~r\ we have r = « + r', and 

'' ^^ hence 

1^=1 r^dm = / (« + r'fdm = ( r''^dm + 2a ( r'dm + aM dm. 
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45. 



f,, 



If, however, S' 
the important result 



r; Cr'dm^C^.{\>.19); and fr"dm = I^.. 

.-. I,^ = I^, + a^M + 2 aC^„ 
a centroidal plane, C^, = (p. 19) and we have 



Theorem. The moment of inertia with respect to any plane is 
equal to the moment of inertia with respect to a parallel plane 
through the center of mass, increased hy the product of the entire 
mass and the square of the distance between the planes. 

Since in any set of parallel planes one and only one passes 
through the center of naass, it follows at once from II that of all 
moments of inertia with respeot to parallel planes that with respect 
to the centroidal plane is the least. 

34. Moment of inertia with respect to an axis or a point. The 

moment of inertia with respect to a line or a point is defined in 
the same way as with respect to a plane, the distance from any 
point of the solid to a fixed plane being replaced by its distance 
to an axis or to a point as the case may be. The moment of 
inertia with respect to a line I is 

(1) 1,=. fr'dm; 
and witli respect to a point F, 

(2) ■^'' ^ / ''''^"'' 

the difference between tlie formulse (3), p. 43, and (I) and (2) 
above being in the interpretation of r. 
Moments of inertia with lespect to 
points, lines, and planes aie eqnalh 
important and useful, 

35. Calculation of moments of mertia 
for a solid. The preceding definitions 
enable us to write at once the for- 
mulfe for the calculation of moments 
of inertia. ^ 
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According to the notation used atove 

I^ = Moment of inertia with respect to the plane YZ, etc. 

I^ = Moment of inertia with respect to the axis OX, etc. 

Z„ = Moment of inertia with respect to the orig^in 0. Hence 
the moments of inertia of a solid with respect to the coordinate 
planes are 
in J"„, = iffx^-TiUdydya; I^,= i i I if -Tasilydas; 



-■-III'' 



• Tdsdydse 



the distance r in the general formula (3), p. 43, becoming x when 
the plane of reference is YZ, etc., and dm being expressed in rec- 
tangular coordinates. 

Similarly the moments of inertia of a solid with respect to the 
coi3rdinate axes are 

I^= I j I (jf + !!:') ■ razdyda:; I„= j j j Qr/ + s^) ■ Tdzdydx; 
^ + y^) ' Tdzdydx, 



-//>' 



where r' = y^-\-z^ when the axis of reference is OX, etc. 
The moment of inertia of a solid with respect to the origin is 



=//> 



I {x' + i/ + s') ■ Tdzdydx. 
By comparing equations IV and V we find 

/„ = ^ ATs r{x' + f + 3^) dsdydx 

- ^ f/T^ [(/ + ^') ■+ (x' + z') + (3? + f)-] dzdydx. 

Theorem. The moment of inertia of any solid with respect to a 
point is equal to one half the sum of the moments of inertia with 
respect to three perpendicular axes through the point. 

From VI it may be observed farther that the sum of the 
moments of inertia with respect to three perpendicular axes 
through a point is always the same, since that sum is twice the 
moment of inertia with respect to the point which remains fixed. 
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A comparison of equations III and V shows that the following 
relation also holds. 
vri ^0 = ^^ + ly^ + Jw 

Theorem. The moment of inertia of any solid with respect to a 
point is equal to the sum of the moments of inertia with respect to 
any three perpendicular planes through the point. 

Likewise, from III and IV, 

VIII j r„ = /^ + Ty„ 

Theorem. The moment of inertia of a solid with respect to an axis 
is equal to the sum of the moments of inertia with respect to any two 
perpendicular planes through the axis. 

Again, from III, IT, and V we find 

II Jo = J,y + I,. 

Theorem. The moment of inertia of any solid with respect to a 
point is equal to the sv/m of the moments of inertia with respect to a 
plane through the point and with respect to a line through the point 
perpendicular to the plane. 

36. Moments of inertia with respect to parallel axes. I^et I and I' 
he any two parallel lines. Let JS" be the plane 
passed through the two lines I and I', and let U 
and E' be planes through I and I' respectively 
perpendicular to S". Then, from (I), p. 45, 

Adding 1^.,,, to both members and applying equations Till, 
J, = J,, + 3itt=+ 2aC^,.. 

But if E' is a centroidal plane, 0^, — and 
I I,= ly + Ma''. 

Theorem. The moment of inertia with respect to any line is equal 
to the moment of inertia with respect to the parallel line through the 
center of mass plus the product of the total mass into the square of 
the distance between the lines. 
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Of course it is possible in each case to find the moment of 
inertia by integrating directly between the proper limits. But 
where the object ia not merely an exercise in integration it is 
much easier to find the moment of inertia with respect to those 
planes or axes for which the integrations take the simplest possi- 
ble forms, and then to calculate it for otJier planes and^axea by 
means of the relations established in the preceding paragraphs. 
In general, the simplest procedure is to choose three perpendicular 
planes through the center of mass, if the center of mass is known. 
When / is calculated for each of these three planes, it is easily 
found for parallel planes, for the coordinate axes, and for lines 
parallel to the axes, without further integration. 

Illustrative etample. It is required tofirui the momenta of inertia of any homo- 
geiteous ellipsoid. The equation of tte e 
, + — = 1, and the area of any 




Ij^ = T f f fxHzdydx = T fx'^dx ■ Cfd'jdz. 
(a) 7^, = r r "^ Vda . ?^ (02 _ jS) _ A Tira^bc. 

Since the vokirae of the ellipsoid is F = 'jrabc and 3f= tF, we may express 

I„^ in the standard form (p. 44) as Jj^ = In the same way Ij, = - — - and 

I =^. " 

Tor tlie moment of inertia -with respect to the X-axis we have, by "VIII, p. 47, 

I,j and Jj are found in the same way. 

By VII, p. 47, tlic moment of inertia with respect to the origin is easily ahown 

(4) Io = iM(a^ + ¥ + c% 

The moment of inertia with respect to a line I through the extremity of the 
major asia parallel to the Z-axla is, by X, p. 47, 

(5) Ji = h + Ma' = iM{a^ + i^ + Ma'. 

The moment of inertia with respect to a plane E tangent to the ellipsoid at 
the extremity of the major axis is, tiy n, p. 47, 

(6) Ie = h' + JWa* = i -Wo^ + Ma!' = i Ma". 
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PROBLEMS 



1. Three edges of a unit cubical frame without weight are taken as the coCrdi- 
nate axes, and particles are placed at all the coruei* except at the origin. Find / 
and fo, (1) when the particles ace of equal mass ; (2) wheu the masses vary as the 
squares of their distances from the origin, 

2. Find I and r^ (1) for a rectangular parallelopiped of edges a, 6, c, about a 
line through the centroid parallel to the edge a ; (2) for a plane perpendicular to 
the edge a at a distance A from the center of the p; 



^"«' 0) ^ ^, + ,, (2)' 






3. rind I for a rectangular parallelopiped about (1) an edge a; (3) about its 
center of mass. ^«s/ (1) i = ^(6= + c^; (2) 1 = g («= + 6= + c^. 

4. Find rj for an ellipsoid relative to the coSrdinate planes and axes' taken 
through the center of mass. 

Ans. For planes, r;) = — , — , — ; for axes, r^ — , etc. 

5. Find I and 7^ for a solid sphere with reference to a diametral plane. 

_ ^ , r„ _ ^ . 

6. Find I for a sphere (1) relative to a diameter ; (2) relative to the center. 

Ans. (1) |Mr=; (2)|Jtfr2. 

7. Find I and r^ for a sphere (1) relative to a tangent line; (2) relative to a 
tangent plane, A-ns. (1) I = ^ a^M ; (2)J=JJlfa^. 

37, Moment of inertia of areas and arcs. The moment of inertia 
of an area is deiined in a manner precisely analogous to that of a 
solid, the element o£ area replacing the element of mass. Hence 
for either a plane or a curved surface * 

(1) Moment of inertia of an area =1= limit Sc^AS = / r'dS. 

Similarly 
(a) Moment of inertia of an arc = J = limit Sc'A.s = / r^ds. 

* In (I) and (3) it mnst be rememllered that r is ttte distance from any point P of tlie area or 
are to the plane, line, or point of reference. Also iS and is must be bo clioa«n that in passing 
to tbe limit each elemeiii shrinks up into the point P which hHs been chosen in tliat element 
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Results in any particular case may evidently be put in the 
Btandard form, 

(3) /=)!£'S for areas, 

(4) I = nL^s for arcs. 

The radius of inertia for an area is defined by 

which should be compared with the similar equation I, p. 44, 
defining radius of inertia for a solid. 

38, Calculation of moments of inertia of plane areas- 
Rectangular eod'rdinates. For a plane area referred to rectangular 

coordinates in that plane the definition of 

moment of inertia, ((), p. 49, becomes 

1= Cr^dA^^fCr^dxdy. 

Hence by definition we have, from the figure, 

II I^= ( I v^aaedy; I,, = ( j x^divdy. 

The distance r in the general formula becomes i/ or a: according 
as the moment of inertia is referred to the axis OX or Y. 
The moment of inertia with respect to the origin O is 

7o = ffoF''dxdt/ = ff{x' + f) dxdy. 

Hence, adding equations XI, we obtain 
ni Jo=J» + Jr 

Theorem. The moment of inertia with respect to a point in a 
plane is equal to the sv/m of the moments of inertia with respect to 
two perpendicular axes lying in the plane and passing through the 
point. 

For a plane area equation I, p. 47, becomes 
Xni I, = I,' + Aa'. 

The proof is obvious and is left to the student a 
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Polar coordinates. In polai' eoordiuates the element of area 
is approximately AS = pApAd (p. 5). Hence for polar moments 
of area we have, since x — p cos and y = /i sin 8 (figTiie, p. 60), 



= 1 1 y^- pdpdB = j I P^ sJn' * dptie, 
= 1 1 x^pdpd8= j j p'coa^ffdpfie. 



39. Calculation of moments of inertia of curved or space areas. 
For a curved area A6'= 1 + { ^ ) +(^) AxAi/, and we define 



^fl" 



'dS, 

with similar forms for Z,.^, I^, etc. Equations II-I apply also to 
curved areas if Am is replaced by AS. 

When thin plates or shells of the same form as the areas above 
are considered, the formulte are exactly the same except that the 
density t enters, and this may or may not be a constant, as has 
been explained before. 

Illustrative eirample. Given a circle p = a, to find moments of inertia. Take 
first the moment of iiiertJa ■with respect to a diameter. The 
integration may be performed by taking the whole circle, or ^*- -.^ ^ 
by integrating over half and doubling it, or by integrating over /^ > 

one quadrant and multiplying by 4. Taking half the circle, — | 2 — ^ -^ 

JV l,,2fJfJ^,Mm,.f = ^„: ^ 

■ Theorem, The moment of inertia of a circle with respect to a diameter is equal 
to the square of the radius times one fourth the area. 

By means of relation XIII we find for the moment of inertia with respect to a 
tangent T, 

To find the moment of inertia with respect to a line through the center perpen- 
dicular to the plane of the circle, we may eitiier integrate directly, as 

or we may use equation XII, p. 60, 
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Theorem. The moment of Inertia of a eirele leith respect to on axis tkrough its center 
perpeadi<yuXar to its plane is egual to the square of the radius times one half the area. 

FrOm the forgoing reeulta we may obtain, by means of the theorem ai parallel 
aiea, the moment of inertia of the eirele with respect to any line lying in its plane 
or perpendicular to its plane. For instance, consider the moment of inertia with, 
respect to the line I perpendicular to the plane of the circle and passing through 
its circumference ; 

Ii = Io + Aa'' = -a:^ + Aa-' = -Aa\ 



PROBLEMS 

1 A straight rod of neglipiMe mass and length a has lue particles of equal 
mass situated on it at equal intervals of \a. Find I and rl, (1) with respect to 
one end, (2) with respect to the middle pomt, (S) find J when the masses 
increase in arithmetical piogression from the end 

2 Given thrae particles of equal mass situated at the vertices of an equilateral 
triangle Find (1) I and >% with respect to one side; (2) with respect to a line 
parallel to one side paatjng tlirough the opposite vertex. 

3 A reguUr hesagon has particles at the middle points of five of Its sides. The 
masses of the particles taken in order are as 1, 2, 3, 4, 6. Find I and 1% with 
respect to the unweighted side 

4 Find the moment of inertia of a rectangle (1) with respect to an axis through 
the center of area parallel to the longer side ; (2) with respect to the longer 
side ; (3) with respect to a line perpendicular to the plane at the center of one 
side ; (4) with respect to a line perpendicular to the plane at one comer ; (5) with 
respect to a diagonal. 

5, Find I and rj for t!ie area of an eEipse (1) relative to the axes; (2) relative 
to the origin ; (3) relative to tangents at extremities of axes. 

6. Find I for the area of an ellipse (1) relative to an axis perpendicular to the 
area and passing through the center ; (2) relative to an axis perpendicular to the 
area tlirough the focus; (S) relative to a plane through the minor axis perpendic- 
ular to the area ; (4) relative to a tangent plane perpendicular to the major axis. 

40. Relation between moments of inertia of 
areas and of riglit cylinders.* Let there be given 
any area A in the plane XY and suppose that 
upon this as a base a homogeneous right cylin- 
der S is constructed, having a density t and a 
height h. Then for the cylinder with respect to 
the plane YZ, 

I^^ — Tjlj x^dz^ydx = T \ dz\ j j x^dxdy = tA j j x^dxdy. 
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But by II, p. 50, CCx'dxdy is the moment of inertia of the 
l)ase A with respect to the axis of Y. Hence 

ini j„, (of s) = T-A . Tj, (of j:). 

Now let r^ he the radius of inertia of the cyhnder with respect 
to the plane YZ, and rj the radius of inertia of the base with 
respect to the axis OY. Then by I, p. 44, and (5), p. 50, ITII may 



be written 



Mt^. = rhAr'i. 



But M= rhA and therefore r^ = r'^. Hence the radii of inertia 
of any right cylinder and of its base with respect to a plane parallel 
to the elements of the cylinder are equal. 

Since for the cylinder Mr^ — I^ and for the base Ar'^ = I^, we 
have the 

Theorem. If the moment of inertia of any plane area with respect 
to a line in its plane is known, then the moment of inertia of a homo- 
geneous right cylinder of which the given area te the base, with 
respect to a plane through the line parallel to the elemenis of the 
cylinder, may he found by replacing the area in the known moment 
of inertia hy the mass of the cylinder. 

If the moment of inertia of a plane area with respect to a point in 
its plane is known, the same process leads at once to the following 

Theorem. If the moment of inertia of any plane area with respect 
to a point lying in its plane is known, then the moment of inertia of 
a homogeneous right cylinder of which the given area is the base, 
with respect to a line through the point parallel to the elements of 
the cylinder, is found hy replacing the area in the known moment 
of inertia by the mass of the cylinder. 

Illustrative example. It is req-uired tofiyxd the moment of inertia of a right circular 
cylinder (1) toitk reaped to a plane through the axis f (2) roith respect to the axis. 

By XV, p. 61, the moment of inertia of a circle ot radius a (1) with respect 
to a diameter is —a^; (2) with respect to its center is — o^. Hence by the above 
theorems, replacing A by M, we have the following 

Theorem. The moment of inertia of a right circular cylinder (1) with respect to a 
plane through its axis is equal to the square of the radius times one fourth the mass ; 
(3) with respect to its axis is equal to the square of the radius times one half the mass. 
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41. Moments of inertia of combined solids and combined areas. 
If a solid is composed of two or more parts, the moment of inertia 
of the whole is evidently the same as the sum of the moments of 
inertia of its parts. Hence, if a portion be removed from a solid, 
the moment of inertia of what remains is equal to the moment of 
inertia of the whole minus the moment of inertia of the part 
removed. This principle applies without change to areas. 

As an example consider the moment of inertia with respect to its 
axis of a hollow cylinder formed by cutting out of a right circu- 
lar cylinder C of radius B, height h, 
and constant density t, a concentric 
circular cylinder C of radius r. 

As we have just shown in the ease 
of the solid cylinder, we may consider 
instead of the moment of inertia of 
the hollow cylinder the moment of 
its cross section in the plane XY with respect to its 
Applying the theorem, p. 52, for the moment of inertia 
of a circle for an axis through its center perpendicular to its plane, 
we have for the circle C . _, 




and for the circle C Ifj——^ , 

where A and A' denote the areas of C and C' respectively. Hence 
the moment of inertia of the ring with respect to is 
Ig for the ring = ^{AJt^ — A'r'). 
Since A = irli^ and A'=irr^, this may be written 



/p for the ring = 



Fr(-B' 



'*) = ,i-(-s' + '-')(-«"-'-')- 



Denoting the area of the ring by Af^, we have Af^ = A— A'— ■nS'— ttj^, 
and hence . 

la for the ring = -^{If^ + r% 

That is, the moment of inertia of a plane area lying between two con- 
centric circles of radii B and r, with respect to its center, equals the sum 
of the squares of the inner and outer radii times one half the area. 
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Replacing A^, hy the mass of the hollow cylinder according to 
the theorem, p. 53, we obtain 

To for the cylinder = ^(-K' + r^)- 

Theorem, The moment of inertia of a homogeneous hollow cylinder 
with respect to its axis equals the sum of the squares of the outer and 
inner radii times one half the mass. 

PROBLEMS 

1. Find the moment of inertia of the hollow cylinder o( p. 54 witli respect 
to a Una perpendicular to the JCF-plaue (1) through the outer circumlerenee ; 
(2) through the inuer circumference. 

2. Find the moment of inertia of the circular ring, p. 54, relative to OX. 

Ar^. ^{R^ + 'fi). 

3. Find the moment of inertia of the hollow cylinder, p. 54, with respect to a 
plane through the axis, , JW" ,„„ „. 

4. Find the moment of inertia of the ring with respect to tangents to the circles 
C and C 

5. Find the moment of inertiaof a thin circular plate of unilona density (1) with 
respect to a diameter ; (2) with respect to a tangent. Atw. (1) ^Ma^; (2) fJUix^. 

6. Find the moment of inertia of a right circular cyhuder of radius a and 
h ht 2 A w th respect to its axis. 

7 F nd the moment of inertia of a circalar area having a smaller circular area 
ut f m as in the figure, (1) with respect to a line through O perpendicular 

tb pi n f he circle ; (2) with respect to a diameter through O ; 
( ) w th peet to a line throngh ff perpendicular to the plane of 
tl e 1 (4) with respect to O and 0' ; (5) witii respect to a line 
th gh (y parallel to a diameter through 0. How will the results 
b h gdit2r>B? 

8 Fr n acircleofradiusRarectangleisi'emoved.thediagoiialsof llierectangle 
intersecting at the center of the circle. Find the moment of inertia (1) with respect 
to an axis perpendicular to the plane through one corner of the rectangle ; (2) with 
respect to a diameter which is also a diagonal of the rectangle. 

9. Find the moment of inertia of a homogeneous hesagonal plate with re 
to a diagonal. Ans, I = f^a'M. 

10. A homogeneous square plate whose side is 2 a has parts 
removed as indicated in the figure. Find the n 
with respect to the lower edge and with respect tc 
dicular to the plane of the plate at its center. 
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48. Moments of inertia of solids of revolution. The calculation 
of moments of inertia is greatly simplified in the case of solids of 
revolntion. In some of the more impor- 
tant cases they may be found as follows. 
With respect to the axis of revolution. 
Suppose y =f{x) is the equation of 
the generating curve and consider the 
homogeneous solid generated by that 
portion of the curve included between 
the planes x= a and x = b. Then by 
Vm, p. 4T, 4 = I^^ + 7^. In the present 
ease, however, I^,j — /,, and hence 

(1) Z, = 2 Z„ - 2 J-^^ = 2 T fCfy^dzdydx by HI, p. 46 

= '^TJ\jJy'dzdy\dx. 

But I I y^dzdy is the moment of inertia of a circular cross 
section S in which x is constant, with respect to a diameter. 
This equals the square of the I'adius y times one fourth the area 
wy*, by the theorem, p. 51. 

(2) .-. /, = 2 t£^ dx = yX V*^^- 

which may be integrated when y is expressed in terms of x from 
the equation of the generating curve. 

Since the mass M=7rr j y^dx, we have finally 

Xy*dsD 
. - 



I' 



It is inBtracUve to regard tJie deriTation of XVIII as follows. Consider the solid 
to be divided into thin circular plates each of thicltness Aa, by planes perpendicu- 
lar to OX. Then by the theorem, p. 53, the moment of inertia of one of these 
plates with respect to OX equals the square of its radius y times one half its 



i-I^ 



That is, approximately, 

J TTTt/'^x and Ix = limit S - irjr^Aa = — ( y*^. 



y Google 



But 



MOMENT OF INERTIA 57 

With respect to an axis perpendicular to and intersecting the axis 
of rotation. Taking the axis 0¥, we have 

(3) /„ = 4^ + /,,. by Tin, p. 47 

I,„ -h.-'^ ff^-^^ by (1) and (2) 

2^^ = 7 I / / x^dzdydx = ''" | / I A^dy x^dx 
— t{ -Ky'x-dx since / ( dzdy — -Try^. 

Ill .■. I^ = iTT C Iw'y'' + ^ ) dx, 

in which y is known as a function of x from the equation of the 
given curve. 

We may also regard the derivation of XIX as follows. CoDsider the solid to be 
cut into thin plates aa before. The moment of inertia of one of these plates with 
respect to a diameter paiailel to OY is approximately i iry^Cm by pp. 53 and 64. 
The moment of inertia of a single plate with respect to OY is found by the theorem 
of parallel axes, p. 47, and is approximately 

d4 = 7rTJa:V + -(As. 

Jy - Hmit ZirrUy^ + f) '^ = ^'^ £ if^ '^^^ 
as before. 

Equation HI may be expressed in a form analogous to XVIII, 
Moments of inertia with respect to YZ, 0, etc., are easily found 
by the aid of the relations derived on pp. 46 and 47. 

Illustrative example. Find the moments of inertia of a cone of height a formed 
bj/ the revolution of ike straight line z = xtB.na about the axis of X. From equation 
(2), p. 50, 

I^ = ~ f X> tan' adz = — ■ — -■ 

2 Jo 10 

Or, since Y= and radius of base = 

(4) jf^ = 1^ anan^ « = — MrK 

10 10 

This last result might have l?een obtained directly from equation XVlll. 
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From equation XIX, 



I^ = irr f" L^ tan^ a + - tan^ a\ da, 

= tan^a + -taii*a = h - — 

5 L i J o La' 4a<J 



By symmetry I„ = Zj. 

43. Routh's rule. The following rule will be of assistance in 
remembering the moments of inertia of the elementary solids and 
areas, with respect to axea of symmetry. 

The square of the radius of inertia with respect to an axis of st/rti- 
metry is ^, ^, or ^ times the sum of the squares of the semiraxes 
perpendicular to the given axis according as the body is rectangular, 
elliptic, or ellipsoidal. 

By actual application it is found that this rule covers the cases 
of rectangles, paraUelopipeds, spheres, cyhnders, circles, ellipsoids, 
etc., all of whose volumes or areas are familiar, and from these 
data / is easily found. The rule may be illustrated as follows. 

Consider a rectangle of sides 2 a and 2 h. The square of the 
radius of inertia with respect to an axis through its center perpen- 
dicular to its plane is ?^ = — - — , the semi-axes perpendicular 

to the given axis being a and h. The square of the radius of 
inertia with respect to an axis through the center of the rectangle 
perpendicular to the side 2 a is j^ = — , tlie only semi-axis perpen- 
dicular to the given axis being a. 

An ellipse has semi-axes a and 6. The square of the radius of 
inertia with respect to the major axis a is }^ = — . With respect 
to an axis through its center perpendicular to its plane rl = — - — . 

In the particular case of the circle of radius a, the radius of inertia 
with respect to every diameter becomes the same and is equal 
to — ■ For a circle with respect to an axis through its center 
perpendicular to its plane j^ = - ■ =^ -r-. 
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An ellipsoid has semi-axes a, h, e. The square of the radius of 
inertia with respect to the axis 2 c is rl = — -z — ■ In the par- 
ticular case of the sphere, since the radii are all equal, evidently 

44. Products of inertia. Th^ product of inertia, or moment of deviation, as it 
ia sometimes called, is also a moment of the second order and ia symbolized ty 
Ir-irsiim, where rj aaid i-j are the distancea from some point in the element dJf 
of a solid to two fixed planes ; or, in the caae of a plane area, ri and 1-3 usually rep- 
resent distances from a point in an element of area StA to two fixed ernes, dA thus 
replacing dm in the integral. If we represent this integral by J), we may write 

(1) I) = limit SrirjAm — j nr^dm —Iff rir^rdzdydic, 

with a similar formula for areas. 

Using a notation similar to that for moment of inertia, the product of inertia 
with respect to the XZ- and FZ-planes is 

(a) D„,, ij = ffCrxydidydz. 

It will be found easy to write tie yarious other integrals representing products 
of inertia with respect to the several planes and axes both in rectangular and in 
polar coordinates. The neceasai-y transformations for solids and surfaces of revo- 
lution may very well be taken as an exercise. 

It is easily seen that if either of the two planes or axes with respect to which the 
products of inertia are taken is a plane or an axis of symmetry, the products of 
inertia will vanish. 

Theorems analogous to those for moment of inertia hold for products of inertia 
with respect to parallel axes and planes. 

PROBLEMS 

tho lists given with tlie two preceding chapters. 

AREAS. ARCS 

1. Given a uniform circular wire of outer radius B and inner radius r. Find 
the moment of inertia with respect to a diameter. 

[Set B=r+ai- and let ar approach 0.] ^^^ ^]^ 

2 

2. Find tlie moment of inertia for a uniform wire in the form of an equilateral 
triangle of side a, (1) with respect to a line perpendicular to the plane of the tri- 
angle and equidistant from the vertices ; (2) with respect to a line through a vertex 
perpendicular to the plane. , ,^, Ma' 
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3. Find the moment of inertia of a thin plate bonnded by the curve j/^ = 4 oj- 
and by a = a, (1) with respect to the axis of X; (2) with respect to the origin, sup- 
posing the density to vary as y^. , ,, 3fa^ 

4. Find the moment of inertia of the area included by a' — ;/= = and a = 5 
(1) with respect to the axis of Y; (2) with respect to the focuiS. 

Ana. (1) 410--V-log3. 

5. Find the moment of inertia for the arc of the parabola y^ = 4 os-included 
between the origin and the point (a, 2 a), (1) with respect to tlie F-axis; (2) with 
respect to the origin. 

6. Find the moment of inertia for the area between the parabola y* = 4 tM 
and the line y = 2a;, (1) with respect to the origin; (2) with respect to each of 
the axes. Ans. (1) ^Ja«. 

7. Find tlie moment of inertia ot a loop of the lemniscate p^ = a^coa2 6 with 
respect tu the oiigin with respect to the Y-axis , ira* 

— . 

8. Fmd the moment of mertia foi the arc of tlie cycloid a; = a(e - sinS) 
y = a(l — co^e), reHtne to the \it-,6 Ans. J^ u^. 

9. An arc of the circle p = n subtends an angle 2 fl at the center. Find the 
moment of mertia with respect to the middle Df the arc. Apply to the special cases 
of a semi-circular arc and of a complete circle, 

Ans. For thearc,3a*TSll }■ Forthe semi-circular arc, 2 a%r (1 J. 

For the circle, 2cfiTs. \ * / \ t/ 

10. A bridge girder has a cross section in the form of the letter H made of three 
equal rectangles of sides a and b, {a>b). Regarding the cross section as a thin 
lamina, find the moment of inertia with respect to a line througJi the center of mass 
of the horizontal rectangle and parallel to the edge a of the vertical rectangles. 

Ans. ^(7a'i + 12a6 + 8b!). 

11. Find the moment of inertia of tlie area common to the parabolas j/^ = 4 die 
and x^ = iay with respect to the axes, the density varying as xK 

4523a6 i^2'a<^, 
Ans. I,, — Ix = k; Io = k, 

12. A thin plate has the form of a regular polygon of n sides of length 22. 
Find the moment of inertia relative to a line through its center perpendicular to 

"■■■'"''"■ ^.., ^(l-3e..==V 

6 \ n/ 

SOLIDS. SURFACES 

1. Find the moment of inertia for a cube with respect to one corner. Find the 



a for the surface of the cube with respect to an axis through the 
center parallel to an edge. 

2. Find the moment of inertia for a right circular cone with respect to an 
axis through its center of mass perpendicular 10 Its axis, supposing the density to 
vary as x". Take axes aa in the figure, p. 57. 
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3. Find the moment of inertia for a circular ejlinder of altitude h and radivis a 
(I) with respect to a line in the plane of its base intersecting its axis perpendicu- 
larly ; (2) with respect to a line perpendicular to its asis at the distance c from one 
end ; (3) witli respect to a plane through its center of mass perpendicular to its 
axis ; (4) with respect to an element. 

Ana. (I)l = ^(3a^ + 4ft3)i (2) 1 = ^V :^(ft2 _ 3ftc + 3c2)i (4)I = jJfa^ 

4. Show that a theorem similar to that for parallel axes holds tor two points, 
one of which is the center of mass. 

5. Find the moment of inertia for the surface of a sphere (1) with respect to 
a plane through its center ; (2) with respect to a diameter. 

6. Find the moment of inertia for an ellipsoid of revolution (1) with respect 
to the axis of reTolutJon. ; (2) with respect to a line perpendicular to the axis 
through the focus. Ans. (1) fMal'. 



7. Find the moment of inertia for a paraboloid of revolution included b 
the planes a; = and x = a, the radius of the base being 6, (1) with respect to the 
axis of revolution ; (2) with respect to a line perpendicular to the axis at the vertex, 
assuming the eituation of the generating curve is y* = 4 (cu. 

A„. m^; |2)^'(».+3..). 

8. Given a hyperboloid of one sheet a^ + y^ — z^ = 1. Find the moment of 
inertia with respect to the axes for that part cut off hy the planes j = ± 2. 

9. Find the moment of inertia with respect to the coordinate axes for the 
solid formed by removing from a right circular cone of height H and radius o, 
another cone of the same base and axis but of height h<B. 

10. Find the moment of inertia for the elliptic cylinder -^ + t^ = ^ 'i'ith respect 

11. A peg top is composed of a cone of height h and a hemispherical cap of 
radius a. From the point up to a distance 6 the material is three times as dense as 
the rest. Fmd the moment of inertia with respect to the axis of rotation. 

T7ro*/8 ,. . i"''\ , ^ '' 2 27 , 
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CHAPTER IV 

ELLIPSOIDS OF INERTIA 

45, Relation between moments of inertia relative to various lines 
and planes in space, A few instances have been discussed on pp. 
45-47 in whicli moments of inertia witii respect to different points, 
lines, and planes are not independent. Tlie moment of inertia 
with respect to a point was seen to be related to the moment of 
inertia with respect to certain axes and planes through the point, 
The moment of inertia with respect to any plane was found to be 
connected with the moment of inertia relative to any parallel 
plane, and an analogous relation was observed to hold between two 
parallel axes. It follows, therefore, that if the momeut of inertia 
for every line or plane through a given point is known, the 
moment of inertia for all lines or planes in space can he found. 
In order to find the moments of inertia for all lines or planes 
through a given point from simple data, let us consider the follow- 
ing problem. 

Given the moments and products of inertia with respect to any 
three perpendicular lines (or planes) through a given point, to find 
the moments of inertia for all other lines [or planes) through the point. 

Let OQ be any line for which the moments of inertia of a 
solid are required. Let P be any point whose coordinates are 
X, y, and z. Draw FM perpendicular to 
OQ and let the direction cosines of OQ 
be a, ;3, 7, Also denote by A, B, C the 
moments of inertia of the solid relative to 
tlie axes X, T, Z respectively ; by A', B', C 
the moments of inertia of the solid relative 
to the planes YZ, ZX, XY; by D, E, F the 
products of inertia (p, 59) relative to the planes YZ and XZ, 
YZ and XY, XZ and XY. Hence we have the following relations : 
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B = I^= Ux? + z^)dm, B'-=I^= iy^dm, E=D^^^= (xzdm, 
C = I, = fix" + f) dm, C = I,^ = fz'dm, F = i>„, ^^ = Ci/zdm. 

From Analytic Geometry, p. 330, we have a^ + /3^ + 7^ = 1, 
OP* = x'^ + i/' + z\ OM ^xa + y8 + ey, and Fm' = Op' - 0M\ 

Also I„Q = / FM^dm. Hence 
loQ = f[{^ + f + ^') - (^« + ?/& + 27)T '^«' 

= r[^ (^ + 7=) + j/^ {7= + «^) + 2={n^ + ^^) - 2 a^a:i/ - 2 ayxz 

*^ — 2 /37«/2] (?»; 

= «' j{f+s')dm + 0'j(x^ + z^)dm + i'j{a? + f)dm 

-~2a0 j xydm — 2aj j xzdm — 2 ^7 ( yzdm. 

I .-. Joe = a^-4 + ;ff's + y'C - 2 a^2> - 2 ayE - 2 jSyJ" 

= J,a' + -r„jff' + jy - 2 J>„,, ^ a^ _ 2 1>^. „„ ay - 2 J>^,^ /Sy . 

When a syst«m of particles is eonsidei-ed, the integral sign is 
replaced by S and dm by m. The significance of equation I may 
be expressed in the following 

Theorem. The moment of inertia with respect to antf Utie through 
the origin is a homogeneous quadratic function of the direction cosines 
of the line. 

Again, if OQ is perpendicular to the plane B through 0, we have 
for the moment of inertia with respect to H 

Jg = / Ojfdm ^ j {xa + t/0 + zy'fdm 

=^a^ I x^d?n+0^ I ^dm + 'f i z^dm+2a0 / xydm 
+ 2ay j xzdm + 2 0y j yzdm. 

II .-. Ie = A'a' + B'p^ + €'y' + 3 ^Oj^ + 3 Bay + 2 F^y 
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Theorem. The moment of inertia with reipect to an^ plane through 
the origin is a homogeneous quadratic function of the direction cosines 
of the normal of the plane. 

46. Geometrical interpretation. The results of the preceding 
paragraph may be interpreted geometrically as follows. Let n be 
some arbitrary given constant, and lay off on OQ a length ON 
such that 2 

(1) on' = ^. 

That is, ON is laid off on OQ so that the square of ON is 
inversely proportional to 7^^. Setting 0N= p, we have 

(3) ^oQ = J. ■ 

If now for any given solid we lay off upon every radius vector 
from the origin a length p determined by equation {!), the locus 
of the point N{xyz) is readily found to be a quadric. For the 
coordinates of N in any position are x = pa, y = p^, z = p7, and 
these being substituted in I give, with (2), the equation 
(3) A^ + Sy^ +Cz^-2 Dxy - 2 Exz - 2 Fyz = n\ 

which 19 a quadratic surface. Since by definition the moment 
of inertia is always positive (p. 44}, every radius vector must be 
real, and hence the quadrie denoted by (2J is an ellipsoid. This 
ellipsoid is called the ellipsoid of inertia, or the momental elbpsoid 
for the point O. The axes of the ellipsoid are called the principal 
axes for the point O, and the moments of inertia with respect to 
these axes, the principal moments of inertia. 

When the axes of coordinates and the axes of the ellipsoid 
coincide, equation (a) reduces to 
(i) Ax^ + By^ + Cz^ = n=, 

the ordinary equation of an ellipsoid. Hence in general, if there 
can be found three lines perpendicular to each other and intersect- 
ing in a point, such that if they be chosen as the axes of coordi- 
nates the products of inertia I xydm = j yzdm = I xzdm = 0, then 
those lines are the principal axes of the body for that point. 



y Google 



ELLIPSOIDS OF INERTIA 



65 



The three planes, each of which is determined by two principal 
axes, are called the principal planes for the point. 

If 3 = 0, that is, if the body ia a plane area, the equation of the 
momeiital ellipsoid reduces to the equation of an ellipse called the 
momental ellipse, and this ellipse is the section of the momental ellip- 
soid corresponding to any point in the area, by the plane of the area. 

At any point of a given material system there are always three 
principal axes. To prove this we have only to construct the ellip- 
soid of inertia corresponding to the point and then refer it to its 
principal diameters as axes, when the products of inertia all vanish. 

A plane of symmetry of the given body is a principal plane of 
the ellipsoid of inertia (S) for every point in the plane. Hence, if 
XY is a plane of symmetry, JS — F=0 and OZ is a principal axis 
of the ellipsoid (3). If also YZ is a plane of symmetry, i> = and 
the ellipsoid is referred to its principal axes as in (4), 



Example 1. To find the moment of iner 
nee to a diametral plane wkose direction ci 



I of a homogeneous ellipsoid viith r^i. 
iiies with respect to the principal plan 



Let the diametral plane be denoted by I 
nertia witi respect to J7 is 

!r the equation of the ellipsoid b 
: 0. Also from p. 48 we have 



Then from equation II, p, 63, ihe 

iD + 2 ayE + 2 ^F. 

3 principal diameters as ases. 



Example 2. To find ihe moment of inertia of a homogeneiyu»rightcov.e of height h 



and radius r with respect to an element. Choose the 
Then by (1) we have 
I, = Aa^ + B^ + C-y^ - 2 a^D - 2 ayE - 2 ^F. 
But since the cone is symmetrical with respect to 
XY and XZ, ail the products of inertia -vanish ; that 



i, i> = 



= 0. Also WG have 



h" 




and from previous results, p. 67, 
A = -f^Mr^; 



C=2^5lf(r2 + 4 
M(r^ + ih').-jt 
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1. rind the moment of inertia of a rectangular plate of sides 2 a and 2 b ■witli 
respect to a diagonal, and from this result deduce the corresponding result for a 

Ans. J = - M ; I = for the square. 

3 a2 + 62' 3 ^ . 

2. Find the moment of iuertia for a diagonal of a parallelopiped whose edges 

3 \ a^ + b'^ + c'^ I 

3. Find the moment of inertia of an ellipse for a diameter making an angle S 
with the major axis. Aw. 1 = JJlf (a^sin^^fl + fi^cos^e). 

4. Find the moment of inertia for an ellipsoid with respect to a diameter whose 

47. Properties oi the principal axes. We have just shown that 
the ellipsoid of inertia corresponding to a given point was marked 
out by the motion of a radius vector which always preserved the 
relation (1), p. 64. From this relation and from the simple prop- 
erties of ellipsoids the following theorems are seen to be true. 

Theorem. Of all the moments of inertia with respect to lines 
through a given "point 0, the greatest and the least are included in 
the principal momenta of inertia. 

It is evident from (2), p. 64, that when p coincides with the 
longest semi-diameter I is least, and when p coincides with the 
shortest semi-diameter / is greatest, 

A similar theorem holds with respect to the moments of inertia 
with reference to the principal planes passing through 0. 

Theorem. If the three principal moments of inertia at any point O 
are equal, the ellipsoid of inertia corresponding to the point becomes 
a sphere. 

This conclusion follows at once from equation {i)\i A = B = C. 

In this case every diameter is a principal diameter, every line 
through is a principal axis, and the moments of inertia with 
respect to all of them are equal. 

For example, if the solid is a regular polyhedron, the ellipsoid 
of inertia for the center of the solid is a sphere. 

Similarly for plane areas the raomental ellipse corresponding to 
the center of any regular polygon becomes a circle. 
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Theorem. If two of the principal moments of inertia with respect 
to any point are equal, the momental ellipsoid corresponding to the 
point becomes an ellipsoid of revolution about the third principal azis. 

For in (4), p. 64, if /, = I^ then B = C, and (4) becomes the 
equation of an ellipsoid of revolution with respect to OX. The 
moments of inertia with respect to all lines in the yiT-plane are 
now equal, 

PROBLEMS 
I. Find the ellipaoid of inertia corresponding to tlie center of tlie homogeneous 



ellipsoid, p. 20. 



Ans. (63 + c^) x^ + (c2 + a^) j,^ + (^s _,. ^2) ^2 = 



2. Given a tomogcneons material straight line of length 3Z. Find the 
momental ellipsoid corresponding to a point at a distance d from tbe center, 
being the origin and the direction of the line the JT-axis. 



3. Find the momental ellipsoid corresponding to the center of a material ellipse 
whose equation is i^x^ + a'j/^ = a^fi^, ^ ij^ /a'^ + b^ 2 - * "' 

4. ProTe that the momental ellipse corresponding to the center of an equilateral 
triangle and to the center of a square is a circle. The same result holds for particles 
placed at the vertices of a similar weightless square or triangular frame. 

5. Find the principal axes and the momental ellipsoid for one comer of a thin 
square plate, ttieareaof the plate being hi the XJ"-plaue with a comer at the origin. 

4ns. Momental ellipsoid, 2{x^ + 2y^ + s^j — 3xz = -zr—^' 

6. Using the result of prohlem 4, show that one momental ellipse correspond- 
ing to the center of a parallelogram is an ellipse touching the sides at their middle 

7. Find position of the principal axes and the momental ellipsoid at the center 
of a homogeneous parallel opii)ed whose edges are 2 a, 2 6, 2 e. Apply results to a 
cube, Ans. Principal axes are perpendicular to faces. , 

Momental ellipsoid, (6^ + <^)x> + (c» + a'')y^+ (a= + 6=)z2 =~ 
For a cube the momental ellipsoid is a sphere. 

8. Find the principal a^es and the ellipsoid of inertia corresponding to a comer 

Ans. Momental ellipsoid, 4 (1= + j/^ + z^) — 3 [xi/ + tcz + yi) = ■-—-. 

9. Prove that the moment of inertia about all lines through the center of a 
cube is the same. Is this true of other regular solids ? 

10. Prove that if the height of a homogeneous right circular cylinder is to its 
diameter as V^ ; 2, the moments of inertia of the cylinder with respect to all axes 
passing through the center of mass will be equal. 
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